Conservation law in noncommutative geometry 
— Application to spin-orbit coupled systems 

Naoyuki Sugimoto 1 and Naoto Nagaosa 1 ' 2 

Cross-correlated Materials Research Group (CMRG) and Correlated 
Electron Research Group (CERG), RIKEN, Saitama 351-0198, Japan 
2 Department of Applied Physics University of Tokyo, Tokyo 113-8656, Japan 

The quantization scheme by noncommutative geometry developed in string theory is applied to 
establish the conservation law of twisted spin and spin current densities in the spin-orbit coupled 
systems. Starting from the pedagogical introduction to Hopf algebra and deformation quantization, 
the detailed derivation of the conservation law is given. 



2 



CONTENTS 

I. Introduction 

II. Noether's theorem in field theory 4 

A. Conventional formulation of Noether's theorem 4 

B. Generalization of Noether's theorem [7 

III. Hopf algebra 

1. Algebra 

2. Coalgebra llC 

3. Dual-algebra and Hopf algebra 111 

IV. Deformation quantization 12 

A. Wigner representation 13 

B. Star product 14 

1. Cohomology equation 16 

2. Lqo algebra 18 

C. Topological string theory 2C 

1. Ghost helds and anti- fields 21 

2. Condition of gauge invariance of classical action 22 

3. Gauge invariance in path integral 23 

D. Equivalence between deformation quantization and topological string theory 25 

1. Path integral as map 25 

2. Perturbation theory 26 

E. Diagram rules of deformation quantization 27 

F. Gauge invariant star product [29 

V. Twisted spin 31 

A. Derivation of a twisted spin in Wigner space 31 

B. Rashba-Dresselhaus model [33 

VI. Conclusions [35| 

References Kifj 



3 



I. INTRODUCTION 



Electrons are described by the Dirac equation where the U(l) Maxwell electromagnetic field (emf) is coupled 
to the charge current as described by the Lagrangian (in the natural unit where h = c = 1; /i = 0, 1, 2, 3) [1] 



L = iplvy^D^ - m]ip. 



(1) 



where = <9 M 



ieA^ is the covariant derivative, m is the electron mass. Note that the spin is encoded by 4 



component nature of the spinors ip and ip — ip'j and the 4x4 gamma matrices 7^, but the charge and charge 
current alone determine the electromagnetic properties of the electrons, which are given by 



dL 



(2) 



In condensed matter physics, on the other hand, the low energy phenomena compared with the mass gap 2mc 2 ~ 
10 6 eV are considered, and only the positive energy states described by the two-component spinor are relevant. Then, 
the relativistic spin-orbit interaction originates when the negative energy states (positron stats) are projected out 
to derive the effective Hamiltonian or Lagrangian. The projection to a subspace of the Hilbert space leads to the 
nontrivial geometrical structure which is often described by the gauge theory. This is also the case for the Dirac 
equation, and the resultant gauge field is SU(2) non-Abelian gauge field corresponding to the Zeeman effect (time- 
component) and the spin-orbit interaction (spatial components) as described below. 

The effective Lagrangian for the positive energy states can be derived by the expansion with respect to l/(mc 2 ) 



D 2 1 

L = i^D i[> + tf—i/) + — V f 
2m 2m 



eqa a A ■ A a 



-A a ■ A a 



(3) 



where ip is now the two-component spinor and Do — do + ieAo + iqAo 2 ^-, and Di = di — ieAi — iqAJ_^- (i — 1, 2, 3) 
are the gauge covariant derivatives with q being the quantity proportional to the Bohr magneton [2J, |j| . A^ is the 
Maxwell emf, and the SU(2) gauge potential are defined as 



A? 



B a 



and <j x ' v,z represent the Pauli matrices. The SU(2) gauge field is coupled to the 4-component spin current 



Jo = ^ a ^, 



(4) 



(5) 



Namely, the Zeeman coupling and the spin-orbit interaction can be regarded as the gauge coupling between the 4-spin 
current and the SU(2) gauge potential. (The spin current is the tensor quantity with one suffix for the direction 
of the spin polarization while the other for the direction of the flow.) Note that the system has no SU(2) gauge 
symmetry since the "vector potential" A° is given by the physical field strength B and E, i.e., the relation d^A^ = 
automatically holds. This fact is connected to the absence of the conservation law for the spin density and spin 
current density in the presence of the relativistic spin-orbit interaction. In the spherically symmetric systems, the 
total angular momentum, i.e., the sum of the orbital and spin angular momenta, is conserved, but the rotational 
symmetry is usually broken by the periodic or disorder potential Ao in condensed matter systems. Therefore, it is 
usually assumed that the conservation law of spin is lost by the spin-orbit interaction. 

However, it is noted that the spin and spin current densities are "covariantly" conserved as described by the 
"continuity equation" 



D Q Jo + D-J a = 0. 



(6) 



replacing the usual derivative by the covariant derivative D^. This suggest that the conservation law holds in 
the co-moving frame, but the crucial issue is how to translate this law to the laboratory frame, which is the issue 
addressed in this paper. Note again that the SU(2) gauge symmetry is absent in the present problem, and hence the 
Lagrangian like tr(F fiU F fl ' / ), which usually leads to the generalized Maxwell equation and also to the conservation 
law of 4 spin current including both the matter field and gauge field [l|, is missing. Instead, we will regard A° as the 
frozen background gauge field, and focus on the quantum dynamics of noninteracting electrons only. 
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In this paper, we derive the hidden conservation law by defining the "twisted" spin and spin current densities which 
satisfy the continuity equation with the usual derivative d^. The description is intended to be pedagogical and self- 
contained. For this purpose, the theoretical techniques developed in high energy physics is useful. The essential idea 
is to take into account the effect of the background gauge field in terms of the noncommutative geometry generalizing 
the concept of "product" . This is achieved by extending the usual Lie algebra to Hopf algebra. 

Usually, a conservation law is derived from symmetry of an action, i.e., Noether's theorem. The symmetry in the 
noncommutative geometry is called as a "twisted" symmetry, and this symmetry and the corresponding generalized 
Noether's theorem have been studied in the high energy physics. Seiberg and Witten proposed that an equivalence of 
a certain string theory and a certain field theory in noncommutative geometry [5] . Since then, the noncommutative 
geometry have been attracted many researchers. On the other hand, it is known that the Poincare symmetry is broken 
in a field theory on a noncommutative geometry. It is a serious problem because the energy and momentum cannot 
be defined. M. Chaichian, et al. proposed the twisted symmetry in the Minkowski spacetime, and alleged that the 
twisted Poincare symmetry is substituted for the Poincare symmetry [f| Q. Moreover, G. Amelino-Camelia, et al. 
discussed Noether's theorem in the noncommutative geometry [1,0. 

As we will discuss in detail later, a certain type of a noncommutative geometry space is equal to a spin-orbit coupled 
system. Therefore, a global SU(2) gauge symmetry in the noncommutative geometry space gives a Noether current 
corresponding to the "twisted" spin and spin current in the spin-orbit coupling system. This enables us to derive the 
generalized Noether's theorem for the twisted spin and spin current densities. 

Now some remarks about the application is in order. Spintronics is an emerging field of electronics where the role 
of charge and charge current are replaced by the spin and spin current aiming at the low energy cost functions [To| . 
The relativistic spin-orbit interaction plays the key role there since it enables the manipulation of spins by the electric 
field. However, this very spin-orbit interaction introduces the spin relaxation which destroys the spin information in 
sharp contrast to the case of charge where the information is protected by the conservation law. Therefore, it has 
been believed that the spintronics is possible in a short time-scale or the small size devices. The discovery of the 
conservation law of twisted spin and spin current densities means that the quantum information of spin is preserved 
by this hidden conservation law, and could be recovered. Actually, it has been recently predicted that the adiabatic 
change in the spin-orbit interaction leads to the recovery of the spin moment called spin-orbit echo [Tlj . Therefore, 
the conservation law of the twisted spin and spin current densities is directly related to the applications in spintronics. 

The plan of this paper follows (see Fig.[l|. In sectionQll we review the conventional Noether's theorem, and describe 
briefly its generalization to motivate the use of Hopf algebra and deformation quantization. In section IIII1 the Hopf 
algebra is introduced, and section ITVl gives the explanation of the deformation quantization with the star product. 
The gauge interaction is compactly taken into account in the definition of the star product. These two sections are 
sort of short review for the self-containedness and do not contain any original results except the derivation of the star 
product with gauge interaction. Section [V] is the main body of this paper. By combining the Hopf algebra and the 
deformation quantization, we present the derivation of the conserved twisted spin and spin current densities. Section 
IVII is a brief summary of the paper and contains the possible new directions for future studies. The readers familiar 
with the noncommutative geometry and deformation quantization can skip sections IIIIHIV1 and directly go to section 

m 



II. NOETHER'S THEOREM IN FIELD THEORY 



In this section, we discuss Noether's theorem 12j, and its generalization as a motivation to introduce the Hopf 



algebra and deformation quantization. In section III Al we will recall Noether theorem, and rewrite it using the so- 
called "coproduct", which is an element of the Hopf algebra. In section Hi B[ we will sketch a derivation of generalized 
Noether theorem. 



A. Conventional formulation of Noether's theorem 

We start with the action / given by 

1= [ d mm xC(x) 
Jn 

d Dim xh n (x)C(x), (7) 
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FIG. 1. Flows of derivation of generalized Noether's theorem. Roman numerals and capital letters in boxes represent 
section and subsection numbers, respectively. A generalization of the Noether's theorem is achieved through Hopf algebra and 
deformation quantization (section V). Hopf algebra appear to characterize feature of an infinitesimal transformed variation 
operator (sections II and III). The SU(2) gauge structure is embedded in the star product (section IV). 



where Q represents a range of the spacetime coordinate x (= (x° , x l ) = (ct, x)) with a dimension Dim, i.e., (Dim — 1) 
is the dimension of the space, L describes a Lagrangian density, and 



hn{x) 



1 for {x\x £ fl} 
for {x\x <£ ft}. ' 



(8) 



c represents light speed. We introduce a field <p r with internal degree of freedom r, and infinitesimal transformations: 

as** i— *► {x'Y :=x» +5 c x», (9) 

4> r {x) H> 4>' r {x') := 4> r (x) + 5^<j> r {x), (10) 

where we characterize the transformations by the subscript; specifically, £ represents a general infinitesimal transfor- 
mation. Hereafter, we will employ Einstein summation convention, i.e., a M £> M = a^b^ = 1 ?7 M „a M & M with vectors 
and 6 M [p, = 0, 1, . . . , (Dim — 1)), and the Minkowski metric: rj^ :— diag(— 1, 1,1,..., 1). 



We define the variation operator of the action as follow: 

S C I : = f d Dim x'C'{x') ~ f d Dim xC(x) 

d mm x'h n ,(x')£'(x')- f d Uim xh n (x)£(x) 



Dim-l 



(11) 



where we characterize this variation by £, because this variation is derived from the infinitesimal transformations Eqs. 
© and (jTUJ). Since the integration variable x' can be replaced by x, Eq. (fTTj) is 

d Dim x (h n > (x) - h n (x)) £'(x) + J d Dim xh n (x) [£'{x) - C(x)} 

dP iia xh S n{x)L'{x)+ f dP im xhn{x)[£'(x)-L{x)}, (12) 

where 5H. := O' — fi and hsn = — (d^h^S^x 11 + 0((S(x) 2 ). Therefore, we obtain the following equation through partial 
integration: 



6 C I = / dP im xh Q (x) [8^(1)5^) + 5%C(x)] + 0({S c x) 2 ), 



(13) 
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where we have introduced the so-called Lie derivative 



6((f> r (x) := (f>' r (x) - (f> r (x) 



= § c 4> r {x) - (d^ r )6 c x» + 0(S c x 2 ), (14) 

and we replaced C by C due to C'Sqx^ = C8qx^ + 0(S^x 2 ). 

Hereafter, we assume that the action is invariant under the infinitesimal transformations Eqs. (|9|) and (|10|) . In the 
case where the Lagrangian density is a function of <p r and d^tpr, i.e., C(x) = C [<p r (x),d fl (f> r (x)], the Lie derivative of 
the Lagrangian is given by 

5\C := C'(x) - C(x) 

= C[^' r (x),d^' r (x)] - C[cj) r {x),d ll (j3 r {x)\ 

d(j) r c r did^r) 



dC - a ^) 5 <*' +a '(m^^'^ (15) 

and the variation of the action is calculated by 



«' - L dD '" x { (H ~ a «) + d - 0*" + mkr) 6 ^) } ■ (16) 

If we require that 8qx and 5^4> r vanish on the surface dft, we obtain the Euler-Lagrange equation. On the other 
hand, if we require that fields cf> r satisfy the Euler-Lagrange equation, we obtain continuity equation d^j^ = with a 
Noether current 

M £a ^ + d^ L 4 (17) 

Hereafter let us discuss an infinitesimal global U(l)xSU(2) gauge transformation and infinitesimal translation and 
rotation transformations, which are denoted by \ in this paper. Variations in terms of \ are defined by 

S x x* := I>", (18) 

5 x cj> r := W^yUr* (19) 

with an infinitesimal parameter •d 111 ' , and symmetry generators L£J and {^^ v ) r r ■ 

1. For the global U(l)xSU(2) gauge transformation, T$ ee 0, ee ^d^, and (^ v %' = <V(^)r' (/«, v = 0, 1, 2, 3; 
r, r' = 1,2), where s° :— H/2, and s 1 ' 2 * 3 :— ha x ' v ' z /2 with the Planck constant h — 2nh and Pauli matrices 

2. For the translation, = s^Stf, = e^5^ v and {^vYr = P^S^S^ with an infinitesimal parameter e M and the 
momentum operator p^ — —ihd^ (/i, v = 1, 2, 3; r, r' = 1, 2). 

3. For the rotation, ee uj^, -d^ = ui^ v , and {£,^)r = 5^, x^py, which corresponds to the angular momentum 
tensor (/i, u = 1,2, 3; r, r' = 1, 2). 

For these transformations, equation d A1 5 x x /i = is satisfied. This can be seen explicitly as follows. The variations 
of space coordinates of the global U(l)xSU(2) and the translation transformations are given by S x x^ = or 8 x x^ — 
constant, respectively, and thus d^S-^x 11 = is trivial. The variation of the rotation transformation is given by 
(5 X £ M = w^x 1 " , therefore d^8 x x^ = d^uj^x" = lu£ = 0. 

We consider a variation of the Lagrangian density; 

5 C C := C'(x')-C(x) 

= C'(x')-C(x')+C(x')-C(x) 

= 5\C{x') + S^d^C + 0((6 c x) 2 ). (20) 

Note that Eq. ([20|) is correct for any infinitesimal transformation. Here we consider the global U(l)xSU(2) gauge 
transformation and/or the translation and rotation transformations 5 X . Because d^S-^x 11 — 0, we obtain the following 
equation: 

5 X C = 6^C(x) + d^(C{x)5 x x' 1 ) + 0((Sx) 2 ). (21) 
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From Eqs. (fT3|) and (j2"Tj) . one can see 

S(c= x) I = J d Bim xd x C(x), (22) 

where (£ = \) denotes that the type of the variation in Eq. (fT3|) is restricted to the global U(l)xSU(2) or Poincare 
transformations. (For simplicity we omitted the subscript f2 in the integral). Finally, for Q = x, the variation of the 
action is equal to the variation of Lagrangian. This fact will be used later in section [V] where the variation of the 
Lagrangian density instead of the action will be considered. 



B. Generalization of Noether's theorem 

Now, we would like to introduce a Hopf algebra for the purpose of generalizing Noether's theorem @,H,|T1|- At first, 
we rewrite Noether's theorem in section|TT]by using the Hopf algebra, and next, we introduce a twisted symmetry [f|0]- 
For simplicity, we only consider the global U(l)xSU(2) gauge symmetry and the Poincare symmetry. We assume that 
the Lagrangian density is written as 

C(x) = ^(x)C(x)^(x) (23) 

with a field a Hermitian conjugate *t = (ft,?,), and an single-particle Lagrangian density operator 

£, which is a 2x2 matrix; the overline represents the complex conjugate. The action can be rewritten as 

I = f d Dim x 1 d Dim x 2 ^(x 2 )6(x 2 -x 1 )C(x 1 )^(x 1 ) 
= tr J d Bhll x 1 d Dim x 2 S(x 2 ~ x 1 )C(x 1 )^(x 1 )^(x 2 ) 
= ixj dP im Xl y d Dim x 2 C{x 1 ,x 2 )G(x 2 ,x 1 ) 

= tr / d Dim X! ( lim (£ * c G)(xi,x 3 )\ , (24) 



where "tr" represents the trace in the spin space, G(xi,x 2 ) := ip(xi)ip' (x 2 ), £(xi,x 2 ) := 8{x\ — x 2 )C(x 2 ), and *c 
represents the convolution integral: 

(/ *c 9) ■= I d^xsfix^x^gix^x^ (25) 



with smooth two-variable functions / and g. 

The variation operator S x of the action can be also rewritten as 

S X I = tr f d D[m x 1 d Dim x 2 C(x 2 ,x 1 ) [i^( Xl )^(x 2 ) - ij}{xi)^(x 2 )i#t] 



tr / d Dim x 1 d Dim x 2 



C(x 2: xi)i^G(xi, x 2 ) - i$££(x 2 ,xi)G(x 1 ,x 2 ) 



(26) 



with = & tJ ' 1 ' (fcfu, ) ; in addition, we assumed that the single-particle Lagrangian density operator is invariant under 
the infinitesimal transformation 5 X . 

Here, we introduce Grassmann numbers 9\ and 9 2 ; an integral is defined by J dQi (9j) = 8ij. The variation of the 
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right-hand side of Eq. ([26|) can be rewritten as follow: 



S X I = — itr 



d6 1 d6 2 dP im x 1 d r,h 



X2 



-itr J d8 1 dd 2 d DilrL x 1 d Dim x 2 no(Li® id) 

-itr / d8 1 dd 2 d Dim x 1 d Dim x 2 n 0(^1® id) A(tf6 2 Qo(e 1 £(x 2 ,x 1 )®G{xi,x 2 ) 
fr [A^o^rjgG) 



(27) 



where eg) and o represent a tensor product and a product of operators, respectively. The operator \i denotes the 
transformation of the tensor product to the usual product fj, : x ® y i-> a;y, and A represents a coproduct: 



A(C) := C^id + id® C, 



(28) 



where £ and id represent a certain operator and the identity map, respectively. These operators constitutes the Hopf 
algebra as will be explained in the next section. Moreover, we have defined Tr := —itr J d9id6 2 dP lrci x\dP lm x 2 ^o{^id). 
We emphasize here that the variation is written by the coproduct A, which is important to formulate the generalized 
Noether theorem in the presence of the gauge potential. The coproduct determines an operation rule of a variation 
operator; for example, the coproduct (|28[) represents the Leibniz rule. A twisted symmetry transformation is given 
by deformation of the coproduct. 

We now sketch the concept of the twisted symmetry in deformation quantization 0, @|. First, we assume that 
the variation of action S^Iq is zero, i.e., £ represents the symmetry transformation of the system corresponding to 
the action I . Next, we consider the action I a with external gauge fields A. Usually, external gauge fields breaks 
symmetries of Iq, i.e., 8qIa 0. Here we introduce a map: J-(q^a) '■ ?0 ^ I A > which will be defined in section 
IIVF1 The basic idea is to generalize the "product" taking into account the gauge interaction. Using this map, the 
variation is rewritten as 5^J-^o^-A)Io 7^ 0. On the other hand, when the twisted symmetry 5^- 
be defined, we obtain the following equation: 

5^1 A = J r { o^A)$x :F <fi t^A) I A 

= J 7 (a^A)S x J : ^A)- F (o^A)Ia 



^(O^A^C^^qm-A) can 



=J r i 

= 0. 



(Q^A)O x 



S X I 



(29) 



Namely, <J* corresponds to a symmetry with external gauge fields. In the expression for the variation of action in 
terms of the Hopf algebra Eq. (j2"T]) . we can replace A by A* corresponding to the change from 8\ to <5* as shown in 
section |Vl This is achieved by using the Hopf algebra and the deformation quantization, which will be explained in 
sections Mil and IIV1 respectively. Therefore, we can generalize the Noether's theorem and derive the conservation law 
even in the presence of the gauge field A. 

III. HOPF ALGEBRA 

Here we introduce a Hopf algebra. First, we rewrite the algebra using tensor and linear maps. Secondly, a coalgebra 
is defined using diagrams corresponding to the algebra. Finally, we define a dual-algebra and Hopf algebra. 



1. Algebra 



We define the algebra as a fc-vector space V having product fj, and unit e. Here, k represents a field such as the 
complex number or real number. In this paper, we consider V as the space of functions or operators. A space of 
linear maps from a vector space V\ to a vector space V 2 is written as Hom(Vi, V 2 ). 

A product is a bilinear map: /i G Hom(U(££) V, V), i.e., 



fi:V(g)V^V, (x,y)^xy, 



(30) 
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and a unit is a linear map: e G Hom(fc, V), i.e., 

£ : k — > V, a a • 1 
with a;, y,xy EV and a G fc. Here /x and £ satisfies 

xx((x + y) <g> z) = zx(x <g> z) + zx(y (g z), xx(x <g (y + z)) = /x(a: <g y) + xt(x <g> z), 

/x(ax (g y) = axx(x (g y), /x(x (g ay) = a/x(x (g y), 



(31) 

(32) 
(33) 



e{a + p) =e{a)+e{p) 



(34) 



with x,y,z G V and a,/3 € k. 

The product zx has the association property, which is written as xx o (id <g> xx) — \i o (/x ® id). Because the left-hand 
side and the right-hand side of the previous equation give the following equations: 



and 



zx o (id ® /x)(x (g y <g> z) = /x(x <g (yz)) = x(yz) 



it o (fj, <g> id)(x <g> y (g z) = /tx((xy (g z)) = (xy)z, 



(35) 



(36) 



for all x, y, z, xy, yz, xyz G V, then zx o (id (g xx) = zz o (zx <g> id) is equal to the association property x(yz) = (xy)z. This 
property is illustrated as the following diagram: 



id <g> xx 



xx (g id 

O 
M 



v 



Here denotes that this graph is the commutative diagram. 

The unit £ satisfies the following equation: zz o (e (g id) = zz o (id <g> e). Since the left-hand side and the right-hand 
side of the previous equation give the following equations 



and 



zz o (e (g id)(a (g x) = /x (g (aly (g x) = alyx = ax 



zz o (id (g e)(x (g a) = it o (x <g> aly) = axly = ax 



(37) 



(38) 



for all x G V and a G fc, and 3 ly G V, then the unit can be written as zx o (id (g e) = zx o (e ® id). Note that 
where ~ represents the equivalence relation, i.e., a ~ 6 denotes that a and 6 are identified. This 
property is illustrated as: 




Algebra is defined as a set (V, /x, e). 
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2. Coalgebra 

A coalgebra is defined by reversing the direction of the arrows in the diagrams corresponding to the algebra. Thus, 
we will define a coproduct A e Hom(V, V <§Z) V) and counit 77 € Hom(V, V) with a fc-vector space V. 
A coproduct is a bilinear map from V to V ® V: 



and satisfies co-association property: 



A : V -> V 



V. 



(39) 



id (g) A 



A ® id 


A 



v<s>v 

A 



Namely, 



(id <g> A) o A = (A <g> id) o A 



(40) 



(Compare the diagram corresponding to the association property and that corresponding to the co-association prop- 
erty). 

A counit 77 is a linear map from V to field k: 



and satisfies the following diagram: 



k®V 



77 : V — ^ k 7 



V®id V<S)V ld ^ r] 



V®k 




(41) 



Namely, 



(r? <g> id) o A = (id <g> 77) o A, 



where F~i®V~y®t 

Since A and 77 are linear maps, A and 77 satisfy 



A(a; + y) = A{x) + A(y), A(ax) = aA(x), 



(42) 



(43) 



77(2; + y) = rj(x) + r/(y), rj{ax) — ar](x) 



(44) 



with x,y e V and a e k. Note that V~k®V~V(g)k&ndV(g)V~k®V®V~V(g)k(g)V~V(g)V(g)k. 

A coalgebra is defined as a set (V, A, 77). For example, in the vector space D = kQ)kd := {a + a\d\ao,a\ € k}, 
we define a coproduct Ajj(d) = d ® 1 + 1 (g> 9 and A^(l) = 1 ® 1, and a counit rjoid) = and 77^? (1) = 1. 
The set (D,Ad,t]d) is coalgebra, because this set satisfies the equations: (Ajj <g> id) o Ad = (id® Ad) o A^ and 
(t)d <£> id) o A_d = (id® 77/3) oArj. Because the coproduct and counit are linear map, we only check the above equations 
with respect to x = 1 and 9. 

For x = 1, 



(A D O id) o A D (1) = A D (1) ®1 = 1®1®1, 



(45) 
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and 

(id A D ) o A D (1) = 1 A D (1) = 1®1®1. (46) 
Therefore, (A D id) o A fl (l) = (id A D ) o A D (1). Moreover, 

(rio ® id) oA D (l) = ^(1)® 1 = 10 1, (47) 

and 

(id0r ?D )oA r) (l) = l0r? D (l) = 10 1. (48) 

Therefore (r/u id) oA D (l) = (id0 77 D ) o A D (1). 
For x — 9, 

(A D ® id) o A D (9) = A fl (a) 1 + Az,(l) 09 = 90 10 1 + 1090 1 + 10 1 09, (49) 

and 

(id0A jD )oA D (9) = 90 A D (1) + 10 A D (9) = 90101 + 10901 + 10109. (50) 
Therefore, (id A D ) o A D (d) = (A D id) o A D (9). Finally, 

( VD id) o A D (9) = r lD {d) 1 + r] D (l) 9 = 1 9 = 9, (51) 

and 

(id0r ?D )oA I3 (9) = 90r ? D(l) + l0r?D(9)=90l = 9. (52) 

Therefore, {rjo id) o A_d(9) = (id rye) ° A_d(9). Namely, the set (£>, Ad,i]d) is the coalgebra. Note that A_d(1) 
corresponds to the product with a constant: a{fg) = al(fg) = a(lflg) = afi o A^(l)(/ <?), where we have used the 
coproduct Ad(1) = 101 at the final equal sign. Here /, and g are smooth functions, 1 is included in the function space, 
and a e k. A_d(9) represents the Leibniz rule: d( fg) = (df)g + fd(g) = yuo (90 1 + 1 09) o (/0 g) = fio Ac(9)(/0g), 
where we have used the coproduct A^(9) = 109 + 901 at the last equal sign. rj£>(l) and rj£>(d) represent the 
filtering action to a constant function: la = a = r)[>(l)a and 9(a) = = ri£,(d)a, respectively. 

3. Dual-algebra and Hopf algebra 

A dual-algebra is the set of an algebra and a coalgebra, i.e., the set of (V, fj,,e,A,t]). On a dual-algebra, we define 
a *-product as 

/ * g = M o (/ g) o A (53) 

with /, g e Hom(V, V). We define an antipode S € Hom(y, V) which satisfies the following equation: 

[i o (id S) o A = [i o (S id) o A = e o 77, (54) 

where e o -q corresponds to the identity mapping, i.e., S is an inverse of unit. For example, Sd in the set 
(D, ij,d,£d, A 73, t]d) is defined as Sd(1) = 1 an d So{d) = —9. 
For x = 1, 

fi D o (id S D ) o A_d(1) = hd o (1 1) = 1, (55) 

and 

Me o {Sd id) o A D (1) = fj, D o (1 1) = 1. (56) 
Therefore, we obtain /j£> o (id Sd) o Ad(1) = hd {Sd id) o Afl(l) = ed Vd- For 9, 

Ai D o {id® S D ) °A D (d) = n D ° (9 1 - 1 9) = 0, (57) 
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and 

[id o (S D ® id) o A D (d) = [i D o (-9 ® 1 + 1 ® a) = 0. (58) 

Therefore, we obtain o (id <g> 5d) ° Ad(9) = hd ° (Sd <8> id) o An(d) = £d ° Wd(9)- Namely, (-D, hd,£d, A_d, Vd) 
is the Hopf algebra. 

A dual-algebra with an antipode 5, i.e., (V, [i,s,A, 77, 5), is called a Hopf algebra. 

By using the approach similar to a coproduct and counit, we can define a codifferential operator Q E Hom(V, V) 
from a diagram of the differential d G Hom(V, V). The differential d is the linear map: 

d-.V^-V, (59) 

and satisfies Leibniz rule 

do^i = [10 (id (8 5 + 9® id), (60) 

which is illustrated as 



V 



V 



[i 







(id ® a + a <g> id) 
V<g)V -i — V®V 



A codifferential operator Q is a linear map; Q : V ^ V, and satisfies the following diagrams: 



V 



Q 



V 



A 







A 



(id <g> Q + Q <g> id) 
V^(g>y '+ V<g)V 



Namely, a codifferential operator Q satisfies A o Q = (id ® Q + Q ® id) o A. In section HVB 21 the codifferential 
operator will be introduced. 



IV. DEFORMATION QUANTIZATION 



In this section, we explain the deformation quantization using the noncommutative product encoding the commu- 
tation relationships. At first, in section |IV A[ we introduce the so-called Wigner representation and Wigner space, 
and show that a product in the Wigner space is noncommutative. This product is called Moyal product and it 
guarantees the commutation relationship of the coordinate and canonical momentum. Next, we add spin functions 
and background gauge fields to the Wigner space, and rewrite the coordinates of Wigner space as a set of spacetime 
coordinates X, mechanical momenta p, and spins s := (s x , s y , s z ) (p includes the background gauge fields). To gen- 
eralize the Moyal product for the deformed Wigner space, which is a set of function defined on (A,p, s), we explain 
the general constructing method of the noncommutative product in section IIVB1 the noncommutative product is 
the generalized Moyal product, which is called "star product". This constructing method is given as a map from a 
Poisson bracket in the Wigner space to the noncommutative product (see section IIVBI) , and we see the condition of 
this deformation quantization map in section IIVBI This map is described by the path integral of a two-dimensional 
field theory, which is called the topological string theory. In section IIVC1 we explain this topological string theory, 
and in section TlVDi we discuss the perturbative treatment of this theory. In section TlV El we summarize the diagram 
technique. Finally, in section HVFl we construct the star product in (X,p,s) space. We note that the star product 
guarantees the background gauge structure. 
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A. Wigner representation 

We start with the introduction of the Wigner representation. From Equation (j24l) . a natural product is the 
convolution integral: 

(f *C g)(xi,x 2 ) := J d Dlm x 3 f(xi,x 3 )g(x 3 ,x 2 ), (61) 

where f,g £ G with a two spacetime arguments function space Q. Here we introduce the center of mass coordinate X 
and the relative coordinate £ as follows: 

X = (T, X) := {{h + t 2 )/2, (xi + x 2 )/2), (62) 

e=Kt,€):=(*i-t2,xi-x 2 ). (63) 

Moreover we employ the following Fourier transformation: 

JV : /(n,i a ) ^ /(X,p) = / d Dim ee-^/ n /(^ + e/2,X-e/2). (64) 



Now we define the Wigner space: W := {JV[/] I / € 5} I n this space, the convolution is transformed to the 

so-called Moyal product [HI, Ell : 



because 



(f* M 9)(X,p) := f(X,p)e^( txtp »^* tx )g(X,p), 



jDim 



(65) 



( .,_ /; , Lliin .. 'ad Dim 6e^ r/n { e -^ ?i/?i /(^ + a/2, ^ - a/2) 

jDim 

lirn ^ A a* 1 



(27T^) Dim 

x/(x + a/2,x - a/2) e K v -^-^-) 5 (x + a/2,x - a/2) 
/" d Dim ad Dim a^(e-a-a) 

,/^,a + a v a-a\ / v a-a v a + a 

X / X + o > X n 5 X o > X n 



2 ' 2 7 J V 2 



- J <P™ X -f{X + £/2,x-)g(x-,X - ^/2) 

= /*cff (66) 

with a + a = ^+ and a — a = 2(X — &-). 

In the Wigner space, the position operator x^ — x^ and the momentum operator p^ = —ihd^ becomes X^-kj^ and 
Pfj,*M because 

F T [^g{x u X2)]= J d Dim £e-*P"«" (X»+em9(XH/2,X-Z/2)= (x» + ^d p ^g(X,p)=X»*M9(X,p), (67) 
F T [x 2 i g(x 1 ,x 2 )] = J d D ™te-^g(X + t/2,X-t/2)(X»-e/2) = g(X,p)* M X», (68) 
■FrKfoWfa.xa)] = J cP™Ze-y"t"jd < g(x 1 ,x 2 )=p IM *g(X, P ), (69) 
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and 

T T [(p2) f ,9(x 1 ,x 2 )} = J d Dim Ze-T^^d x ,g(x 1 ,x 2 ) =g(X lP )* Ptl . (70) 

The commutation relationship of operators is [X^jP^]^ := X^ *m p v ~ Pu *m X^ = iM%, which corresponds to the 
canonical commutation relationship of operators: [x^,p v ] = iHStf. 

To add the spin arguments in W, we will employ the following bilinear map: 

Tm Fa=0 ■= e i ?( dx ' i ® d ^~ d ^® dx ' i ) Jr i' ia '" :sad ° b ® dsC (71) 

with d s af := f a and / = fo + ^2 a=x y z s<1 fa- Note that the spin operator § := (s x ,s v 7 s z ) is characterized by the 
commutation relation [s a ,s fc ] = ie afcc s c (a,b,c = x,y,z) with the Levi-Civita tensor e abc , and the star product (fTTj) 
reproduces the relation, i.e., the operator (s°*) satisfies [s a ,s b ] ic = ie a&c s c . 

To obtain the map J^o^a) : ^ I A, we introduce the variables transformation (X^jp^, s) i-> (X^, PtJj , s) where 

Pfl =p l ,-qA«(X»)s a + eA fl (72) 

with q = |e|/mc 2 , the electric charge — e = — |e|, a U(l) gauge field A^, and a SU(2) gauge field A". Their fields are 
treated as real numbers, and the integral over p^ can be replaced by an integral over p^. This transformation induces 
the following transformations of differential operators: 

dx» ® d Plt - d Pll ® ^ ® d Pfi - <9 Pm ® + 3 (<9*>A/ - <9x-i M ) ® % , (73) 



<9 s6 ® 9 s c ^ e abc s a d sb ® 9 s c - 9 e afic A° s q <9 Pai ® d s c - ge "^ ^ ® 



g V b VM^s,®%, (74) 



where A^ := A£s Q - [e/q)A tl . 

We expand .Fa=o in terms of H as 



°o / ■J-\ n 



We define the bilinear map .Fa corresponding to the commutation relation in terms of the phase space (X^jp^s), 
and expand it in terms of h as 

From Eqs. ([731 and ([74]) . J 7 ^ is given as follows: 

T\ = d x » ® <9 Pm - % M ® 9 X m + qF^dp^ ® % + e abc s a d s t ® <9 s c 

-ge o6c S °46i^ ® <9 S . + ^"^"^ftc ® 9 Pm (77) 

with F M „ := 9^1,, - dx-A^ + (q/h)e abc s a A b i A b L ,. Note that fi o J 7 ^ is the Poisson bracket. 

A constitution method of higher order terms J-^ with n > 1 is called a deformation quantization, which is given by 
Kontsevich as will be described in the next subsection. 



B. Star product 

In this subsection, we explain the Kontsevich's deformation quantization method [ItJ ■ We define a star product as 

oo 

f*g = t*oT A (f(g l g) = f.g + Y i v n p n {f ® g) (78) 

n=l 

with v = ih/2 [Tsl [l9j| . Here (3„ € Horn (V/ ® V/, Vt) is called the two-cochain (Vt represents the function space). We 
require that the star product satisfies the association property (/ * g)-kh = f * (g * h), which limits forms of J ^ 1 
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FIG. 2. Steps of the derivation of the deformation quantization, (a): The image of the deformation quantization, which is the 
map from T 2 with the Jacobi identity to C 2 with the association property, (b): Enlargement of algebras. The two vector space 
T 2 and two cochain space C 2 generalize to multi-vector space T and cochain space C, respectively. These spaces are compiled 
in the d.g.L.a; finally, algebra is introduced by using the d.g.L.a. (c): The deformation quantization is redefined as the 
map on the Loo algebra. 



and P n >\. We note that the association property is necessary for the existence of the inverse with respect to the star 
product. For example, the inverse of the Lagrangian is a Green function, which always exists as i/ji/j^ with a wave 
function tp. 

Now, we define a p-cochain space C p := Hom(V? p , Vf) with V? p — Vt ® Vt <S> • • • ® Vf, where Vf represents a 

*> , ' 

p 

function space such as the Wigner space W; we define a multi- vector space T k := T(A4, /\ k TA1), where A4 represents 
a manifold such as a classical phase space (dimension d), TM := [j peM T p M denotes a tangent vector bundle with a 

tangent vector space T p M = a l (x)d x i } at p £ M (x is a coordinate at p; ai represents a certain coefficient), /\ k 
denotes a fc-th completely antisymmetric tensor product, (for example, di A dj = ^{di <X> dj ~ dj <8> di) £ /\ TM), and 
r represents the section; for example, T(A4,TM) is defined as a set of tangent vector at each position p £ A4. The 
Poisson bracket {/, <?} = a(f ® g) :— a u (x)(di A dj)(f ® g) is element of T 1 , where a u = — oP 1 is called the Poisson 
structure (i,j = 1,2, • • • 

The deformation quantization is the constitution method of higher order cochains /3 n >2 £ C 2 from the Poisson 
bracket a £ T 2 . In other words, the deformation quantization is the following map T: 

T : T 2 ^C 2 

f3=J2v n Pn, (79) 

n>l 

where a satisfies the Jacobi identity and (3 satisfies the association property, as shown in Fig. [21(a). 

In the following sections, we will generalize the two-cochain C 2 and the second order differential operator T 2 to the 
so-called L m algebra (the definition is given in section lTVB 2[) . In the section ITVB 11 we will introduce the two-cochain 
C 2 and second order differential operator T 2 , and the p-cochain C p and fc-th order differential operator T k ■ We will 
show that these operators satisfy certain conditions, and C p and T k are embedded in a differential graded Lie algebra 
(d.g.L.a) (the definition is shown in section BVB 1[) . Moreover, in section II VB 2| the d.g.L.a will be embedded in the 
Loo algebra (see Fig. [U(b)). In the L^ algebra, the Jacobi identity and the association property are compiled in the 
following equation 

0(e 7 ) = 0, (80) 

where 7 = a or (3, and Q is called the codifferential operator, which will be introduced in section IIVB 21 Namely, 
in the L m algebra, the deformation quantization is a map from a £ T 2 to /3 £ C 2 holding the solution of Eq. ([50)1 
(Figure dfc)). Such a map is uniquely determined in the L^ algebra. 

In this paper, we will identify the tensor product <S> with the direct product x , i.e., V% V2 ~ V\ X V2 : /<8><? ~ (fi9) 
with f £ V± and g £ V2 (a ~ b denotes that a and b are identified; (/, g) represents the ordered pair, i.e., it is a set of 
/ and g, and (a, b) 7^ (6, a)). 
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1. Cohomology equation 
From Eq. ([75]). the association property is given by the following equation: 



J2 ft (&(/,<?), ft)) = W,(3j(9-h)) (81) 

i-\-j=m i-\-j=m 
i,j>0 i,j>0 

with /3o(/j 9) = /• ff- (The symbol "•" represents the usual commutative product, and ft G C 2 , j = 0, 1, • • • .) Because 
ft is the Poisson bracket, which is bi-linear differential operator, we define j3j(£ C 2 , j — 2, 3, • • • ) as a differential 
operator on a manifold M; moreover, we also assume that p-cochains are differential operators and products of 
functions. 

Here, A and C k (A; A) represent a space of smooth functions on a manifold A4 and a space of multilinear differential 
maps from A® k to A, respectively. Degree of f3 k £ C k {A\A) is defined by 

deg(/3 fc ) := k for k > 2. (82) 

Now, we introduce a coboundary operator d c ■ C k {A; A) C k+1 (A; A) 0, HH; 

k 

{d c f3 k ){h,--- Jk) ■= foP\fi, ■ ■ ■ , fk) + ^(-l) r /3 fc ( / , ■ ■ ■ , fr-i ■/„■■• fk) 

fe+1 k r=1 k 

+(-l) fc -V fc ( /o,... A-i )/ fc (83) 
fc 

with € C fe (*A;„4); note that <9g. = 0, and thus, dc is the boundary operator. The Gerstenhaber bracket is defined 
as [ , ] c :C k {A;A)®C k '{A;A)^C k+k '- 1 {A;A) 

[(3 k ,(3 k '] c (foJir-- Jk+k'-2) 

k+k'-l 



t=y"(-l) r(fc ' _1) /3 fc (/o,--- Jr-l,P k '(fr,--- ,fr+k>-l)Jr+k>,~- , fk+W -2) 

^ / 

k 

k'-l 

_ y(_i)(M(^'-y (/o! ...j r _ 1) ^ (/n ... ,/,. +fe -i),/, +fe ,--- ,/ fc+fc '- 2 ), 



r=0 



(84) 



where /3 fe € C fe (^l;^4) and /3 fc ' G C fe '(.4;.4). Note that d c = 0, and thus, d c is the boundary operator. 
By using the coboundary operator and the Gerstenhaber bracket, Eq. (|8i"|) is rewritten as 



dcPra = -\ J2 IA.&]C (85) 
i,j>0 

with ft e C 2 („4; A) (j = 1, 2, • • • ). For example, Eq. ([HI]) for m = 0, 1, 2 is given as: 

(/ • g) ■ ft = f ■ (ft • g) for m = 0, 

{f-9,h} + {f,g}-h = {f,g-h} + f-{g,h} for m = 1, (86) 

&(/ -9,h) + {{/, .g}, ft} + ft>(/, <?) • ft = ft>(/, <? • ft) + {/, {g, ft}} + / • ft( 5 , ft) for m = 2, 

where we have used ft>(/,g) '■= f • 9 and ft(/,g) = {/><?}• The coboundary operator for /3 € C 2 (.A;*A) is given by: 

(dcP) (f,g,h) = f-p(g,h)-(3(f-g,h) + f3(f,g-h)-(5(f : g)- ft; (87) 

moreover, the Gerstenhaber bracket in terms of ft, j3j € C 2 (A; A) is given by 

[ft, ft] c (/, 5 , ft) = ft(ft (/, g),h) - ft(/, ft ( 5 , ft)) + ft (ft (/, 5 ), ft) - ft(/, ft (.g, ft)). (88) 

Using the above Eqs. (|86H88p . we can check the equivalence between Eq. (|8 1 [) and Eq. 
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Equation (|85[) is called the cohomology equation, and the star product is constructed by using solutions of the 
cohomology equation. If we add Eq. (|85|l with respect to m = 0, 1, 2, • • • , we obtain the following equation: 

dcP + \[P,P]c = Q (89) 

with = Z7=o fa A ft 6 C 2 (-4; -4), j = 0, 1, 2, . . . . 

Here, we identify the vector fields di, dj € TM with anti-commuting numbers fji, fjj (fjifjj — —fjjfji), i,j = l,2,...,d; 

thus the Poisson bracket a 1 ^ (di A dj)/2 is rewritten by a — a lJ fjifjj /2. Now, we define the Batalin-Vilkovisky (BV) 
bracket: 

[ai, « 2 ]bv := - ^ ^"g^ " ^"^j ( 90 ) 

with ai,a2 G T 2 . By using the BV bracket, the Jacobi identity is rewritten as 

<9bv« + ^[a,«]BV = 0, (91) 

with a\, a% £ T 2 ; for a = a 13 fjifjj, ad /dx l — d a/dx l :— (d x ia t: ')fjifij and d ot/dfji = —ad /dfji := a^(5ufjj — fjidji)- 
By using the BV bracket, the Jacobi identity is rewritten as 

dBva + i[a,a] B v = 0, (92) 

where <9bv = 0, i.e., 9£ v = 0. 

Now, we generalize the differential <9bv an d BV- bracket [ , ]bv for at E T k and a fc € T fc as follows (T fc = 

r(7W,A fc ™)) : 

9bv := 0, (93) 



JBV 



[a ' a ]bv = -g (^r^ - &?-«r J (94) 

with a* = (a fc ) 4l ''"' lfe (a;)?7 il A • ■ • A i] ik — (a*) il '"'' <h (x)?/j l • • • fji k , and a fc ' = (a k ') l °>'" ' lfc ' (x)r] io A ■ ■ • A rji h , — 
(a fe "' ' i ' t ' (a;)fji • • • % fc , ; degree of a e T fc is defined by 

deg(a) = fc - 1, aeT'. (95) 

The cochain algebra is defined by the set of the differential operator dc, the Gerstenhaber bracket [ , ]c and 
C := ©^L 2 ^' C ' i- e -' (^c, [ ■ ]c,C); in addition, the multi-vector algebra is defined by the set of the differential operator 
<9bv : = 0, BV bracket [ , ]bv an d T := 0^7*, i.e., (<9bv, [ , ]bv,T). The cochain algebra and the multi-vector 
algebra satisfy the following common relations: 

d 2 = 0, (96) 
9[ 71)72 ] = [9 7lj72 ] + (_i)dog(7 1 ) [7l;a72]j (97) 
[71,72] = -(-l) dc s(7 1 )dog(7 2 )[ 72;7l] (98) 

[71, [72,73]] + (-l) dc s(^)( dc g(^)+ dc S^))[ 73 , [ 7l , 72 ]] + (_l)deg(7 1 )(dcg( 72 ) + dc g ( 73 )) [72; ^u = g (gg) 

with 71,72,73 € Q = (C or T), 9 = 9(c or bv)-> an d [ , ] = [ , ](c or w)- Therefore, the two algebra can be compiled 
in the so-called the differential graded Lie algebra (d.g.L.a) (d, [ , ],G), where Q := (B^Li Q k is a graded fc-vector 
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space with Q k has a degree deg(x) £ Z (x £ G k ', Z is the set of integers), and d.g.L.a. has the linear operator d and 
the bi-linear operator [ , ]: 

d-. g k ^g\ Xk eg k , xi&g 1 , 

deg(dx k ) = deg(x fe ) + 1 = deg(xi), (100) 

[ , ] : g h (g)g l -> g m , x k e e fc , ^ e 0', * ro e s m , 

deg([x fe ,x;]) = deg(x fc ) + deg(x z ) = deg(a; m ), (101) 

where d and [ , ] satisfy Egs. <j96j), <j97l), <(98]) and ([99]), In d.g.L.a., Eqs. ([89) and (J92J) are compiled in the so-called 
Maurer-Cartan equation [23j: 

a 7 + i[ 7 ,7] = o (102) 

with 7 G 0. Therefore, the deformation quantization J 7 is a map: 

-T 7 ' :Q -*G, 7i !-> 72, 

07i + i[7i,7i]=O, i = l,2. (103) 

Namely, the deformation quantization is a map holding a solution of the Maurer-Cartan equation (|102[) . In the 
section IIVB2I we will introduce a algebra, and will redefine the deformation quantization; in the algebra, 
the Maurer-Cartan equation <\W2\i is rewritten as Q(e 7 ) = (Q and e 7 will be defined in IIV B 2|) . 



2. Loo algebra 
Now we define a commutative graded coalgebra C(V). 

First, we define a set (V, A, r, Q), where V := n=1 2 ... with a graded fc-vector space V® n (n = 1, 2, . . . ), A and 
Q represent the coproduct and codiffcrential operator, respectively; moreover, r denotes cocommutation (definition 
is given later). The coproduct, cocommutation and codifferential operator satisfy the following equations: 



(A <g> id) o A = (id ® A) o A, (104) 

rA = A, (105) 

AoQ = (id® Q + Q® id) o A, (106) 

t(x ® y) := (-l) dc SooWdcg co to) y g a . j ( 1Q7 ) 



with deg co (x) := deg(x) — 1, where x £ \/® dcg< - :E ' and y £ V® deg ( yS> . Q represents a codiffcrential operator adding one 
degree: Q £ Hom(F® m , V® {m+1) ) with deg co (Q(x)) = deg co (x) + 1 for x £ V® m , a m G Z+ (the explicit form of Q is 
given later; Z + := {i | i > 0, i G Z}). 

By using r, we define the commutative graded coalgebra C(V) from (V, A, r, Q); the identify relation ~ is defined as 
x®y ~ (— l) dc Sco( :E )deg co (2/)y ( g );2 ,^ i.e., x®y and (— l) de Sco( a; ) dc gco(s/)y0 ;c are identified. Now, we define the commutative 
graded tensor algebra: 

C(F):=V/~ = {[a?]|zeV}, (108) 

where [x] = {y \ y £ V, x ~ y}, and deg co (xi ® x 2 ® • • • ® x„) = deg co (xi) + deg co (x 2 ) + • • • + deg co (ir„) with 
xi ® x 2 ® • •• ® x„ G T/® dc Soo(^i) ^ y®deg co (x 2 ) gj . .. (g, y®de gco ( :Cn ). a p ro d U ct in C(V) is defined by xy := [x ® y]. 
Namely, in C(V), 

xxx 2 • • • x t x 4+1 ■ • • x„ = (-l) dc Sco(^)dcg co (x l+1 ) a . ia . 2 . . . Xi+iXi ... Xn (10g) 

with n > 2. (Let us recall that the derivation of the exterior algebra from the tensor space; V and C(V) correspond 
to the tensor space and the exterior algebra, respectively.) 

Moreover, in the case that Q 2 = 0, the commutative graded coalgebra C{V) is called the L m algebra. For the 
algebra, the coproduct and codifferential operator are uniquely determined by using multilinear operators: 

l k : {V® k £ C{V))) ^ V £ C{V) (110) 
deg co (/ fe (xi • • • x fe )) = deg co (xi) + ■ ■ • + deg co (x fc ) + 1 (111) 
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as follows: 

n-l 



A(xi • • ■ x n ) = E E k\T~^kV. < " Xa(1) ' ' ' Xa[k) ^ ® ^ <T ( fc+1 ) ' ' ' ( 112 ) 

a k=l >' 



k=l 



Qk(xi ■ ■■Xn) = E h u °_ h \\ l k{ x a{l) ' ' ' x <r(k)) ® Xa(k+1) ® ■ ■ ■ ® 



Q = £q*> (H3) 

fcl(n-fc)! 

(114) 

where e(cr) represents a sign with a replacement cr : xia;2 • • • aj n l ~ >> ^(l^o-p) ' 1 ' x a(n)- From the condition Q 2 = 0, 
we can identify (Zx, Z2) with (d, [ , ]) in d.g.L.a. If we put I3 = I4 = ■ ■ ■ = 0, Q(e a ) = for a € V is equal to the 
Maurer-Cartan equation Eq. (|102[) in d.g.L.a [13], where 

e°El + a+^a®ttH (115) 

with a®" (g) 1 = 1 <g> a® n = a®" for n = 1, 2, • • • . Therefore, the deformation quantization is a map: 

J": C(V)->C(n 

7i ^ 72 (116) 

with 

Q( e 7*) =0 , i = 1,2. (117) 

To constitute such a map J 7 , we introduce the map J?, which is defined as the following map holding degrees 
of coalgebra: 

& : C{V)->C(V), v 1 ,v 2 eC(V), 
vi u 2 , 

deg co («i) = deg co (v 2 ); (118) 
moreover, the L m map satisfies the following equations: 

Ao# = (Jf(giJF)o A, (119) 

Oo# = #oQ. (120) 

A form of such a map is limited as fl7j : 

^ = ^ 1 + ^J ?2 + ^ 3 + --- , (121) 
& 1 :C(V) -> F®'(c C(V)) 

^w--n) = E E 

^ ^ nx!---n/! 

cr ni ,n; >1 
niH hni=n 

■■^nA x a{\) ■ ■■Xa(n 1 )) ® •• • (8 ^n,(a;<r(n-ni+l) ' ' ' »a(n))) ( i22 ) 

where is a map from C(V) to V(c C{V)) holding degrees; 

JP„: V 8 "(cC(7))^y(cC(y)) 
a;x (8 • • • (8 x n i-> a/, 

deg co (xi) + • • • + dcg co (x„) = deg co (x'). (123) 

Here we define /? := Y^=i ^T^"( a ' ' ' a )> wmcn satisfies J?(e Q ) = e@ . The map J? holds solutions of Maurer-Cartan 
equations Q (e a ) = and Q (e@) = 0; from 



Q(e?) = Qo^(e a ) (124) 
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and the definition of the map: Q o ^ = o Q, we obtain the following equation: 

Q(e?) = &oQ(e a ) = 0, (125) 

which means that the Loc map transfers a solution of the Maurer-Cartan equation from another solution. 

Now, we return to the deformation quantization. The multi- vector space T, is embedded in C(V); C(V) = 
(T,At,t,Qt), where A r (xix 2 ) := xi A x 2 for xi,x 2 G T, (Qr)i '■= <3bv = 0, {Qr)2 ■= [ , ]bv, and (Qr)i : = for 
Z = 3,4,...; r replaces the wedge product "A" with the product For the cochain space C, it is also embedded in 
C(V); C(V) = (C, A c , r, Q c ), where A c (x l2 ; 2 ) := i x A x 2 for a*, a* € C, (Q c )i := 9 C , (Qc) 2 := [ , ]c, and (Q c ), := 
for / = 3, 4, . . . . 

The star product is given by / * g — f ■ g + /?(/ ® g), which is identified as the map J^b + ^ l with : = A*°- 
Here we summarize the main results of the succeeding sections without explaining their derivations. The map 
J? 1 is given by a path integral of a topological field theory having super fields: X := (X 1 , . . . , X N ); and scalar 
fields: V := W>\ • • • , i> N ), A := (A 1 , . . . , \ N ), and 7 := (7 1 , . . . , 7*); and one-form fields: := (<9\ <9 2 , . . . , <9 m ), 
^4 := (Al, . . . , An), A + := (A +1 , . . . , A +N ) and 77 := (77 1 , . . . , 77 iV ); and Grassmann fields c, := (c 1 , . . . , c N ); on a disk 
S = {z I z — u + iv, u, v G M, w > 0} [13, HH [25|. These fields are defined in section ITV CI Using these fields, the 
map J^ n : V® n — > V is given as follows: 



^• n (ai, • • • ,OCfi ® • • • ® /m)(«) = / e^-S ai ■ ■ ■ -S an O x (f u . . .,/ m ) (126) 

for any function /1, . . . , /,„, which depend on x; in this paper, x represents the coordinate in the classical phase space. 
Here ot\, a.2, ... ,a n GV, and m is defined by deg co (a i ) + 2, which is common and independent of i (i = 1, 2, . . . , n). 
The operator O x is defined as 



i=t 1 >t 2 >--->t m =o fc=2 



0.(/i,-,/m):= / [/i(^(ti^i))---/ m (^(i m ^ m ))]^(^M) (127) 

rn — 1 

II [/(^fe))^ +4fc fe)] / m (^(o))4(V(oo)) (128) 

for m, 6 x (ip(t)) := Yii=i ~ x% )l % i^)i and i G <9E, where 

S° h := / [Ai A dip*-* iffy 4 A cfc,: - X i d* H A,] (129) 
is 

with a Hodge operator *h : A fc — > A 2 ~ fc , (fc = 0,1,2); we will introduce the explicit definition in section HVD 21 
Moreover, for a r := a]- 1 ' (X)di 1 A • • • A (n r > 1 is an integer number; deg co = n r — 2), 



(130) 



where the subscript $* = dy> means that the fields (X, i], A + ) go to (if), A, 0). These results lead to the diagram 
technique in section IIV El and the explicit expression of the star product in section IIVFI 



C. Topological string theory 

In this section, we expound the fields: A, ip, c, 7, A, 9, i], A + , and X. The simplest topological string theory is 
defined the following action: 

So := J d 2 ae^A^d^/ = - ~ J d 2 ae^F^ (131) 

with local coordinates a = (a 1 , a 2 ) on a disk £ (we consider that the disk is the upper-half plain in the complex 
one, i.e., S :— {z \ z = u + iw; w > 0; u,w G R}), where A^.^a) and ip l (cr) are U(l) gauge fields and scalar fields, 
respectively; F^ v ^{a) is a gauge strength {p. — 1,2 and i — 1,...,N). The other fields c, 7, A, 0, 77, and A + are 
introduced in section IIV C II we discuss the gauge fixing method using the so-called BV-BRST formalism (2(| [27j 
(where the BV refers to Batalin and Vilkovisky; BEST refers to Becchi, Rouet, Stora and Tyutin). In section HV C 21 
we discuss the gauge invariance of the path integral, and introduce the SD operator. In section IIV C 31 we see that 
correspondence of the deformation quantization and topological string theory. 
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1. Ghost fields and anti-fields 

Here, we quantize the action (I131[) using the path integral. Roughly speaking, the path integral is the Gauss integral 
around a solution of an equation of motion. In many cases, a general action S has no inverse. Therefore, we will add 
some extra fields, and obtain the action S g h having inverse, which is called as the quantized action. 

Now, we discuss a general field theory. We assume that a general action S is a function of fields ft, i.e., S = S[ft]; 
each field ft is labeled by a certain integer number, which is called as a ghost number gh(<^) (it is defined below). 
ft c denotes that the fields fixed on the solution of the classical kinetic equation: SSo/Sft — 0, and the subscript of 
the fields represents a number of fields. Because the Gauss integral is an inverse of a Hessian, a rank of the Hessian 
should be equal to the number of the fields. Here a Hessian is defined by: 

K ^--=w s w (132) 

where ^Lft^ft 2 • • • ft" := <5f ft 2 ■ ■ ■ ft ' 2 + (-ly^ft^Sf ■■ -ft> -\ h (-1) ? (Ji+72+-+7(»-i»^?i ( ^j . . . ft^-DSj", and 

■ ■ •^"J- : = ft 1 ft 2 ' ' ' </> l( "- 1) ^" + (-lf^ft^ft 2 ■ ■ ■ S^'^ft" + (-l)fe+-+^)7^i^2 ...ftn. fo r a boson ft, i 
is a ghost number gh(ft); for a fermion </> l , i is gh((/> 1 ) + 1. 

We define the rank of the Hessian K and the number of the fields ft by jjif and (j^ 1 , respectively. Generally 
speaking, %K < %ft , because an action has some symmetries daft :— R)ft with nontrivial symmetry generators Rj, 
where is satisfies the following equation: 

04 = (133) 

with R l j\ ( pk =c j ) k ^ 0. The nontrivial symmetry generator decrease the rank of Hessian from the number of fields. To 
define the path integral, we should add (§ft — jjisT) virtual fields [26l - [28j . The additional fields are called as ghost fields 
$ Ql and antifields (I = 0, 1), and these fields are labeled by ghost numbers. For $ Ql , the ghost number is defined 
by gh(<I> Ql ) := 1. The fields and ghost fields have antifields $* . The antifields corresponding to <f> = $ Q ° and <& Ql 
are described as $* o and respectively. The ghost number of is defined by gh($* ; ) = — I — 1. Statistics of 
the anti-fields is opposite of fields, i.e., if the fields are fermions (bosons), the anti-fields are bosons(fermions). (Here 
we only consider the so-called irreducible theory. For a general theory, see references [26T4281 ].) 

Using these fields, we will transform the action S'[$ Qo ] 5gh[*]j where * := ($"',$* ) with I = 0, 1 and 
oti € Z + := {i | i > 0, i € Z} (Z represents the set of integers), $ Q ° := are fields, <I )Q;i represents ghost fields, and 
<&* denotes anti-fields of the fields $ Qi . Hereafter we write a function space created by the fields and anti-fields as 
C(\&). It is known that S g h is given by 

5 gh -5' + ^ i?^$ Ql +O(* 3 ). (134) 

Note that the anti-fields will be fixed, and fl* = £z tt* Ql ( see section ITVC31) . 

For the topological string theory, the fields ft 1 are U(l) gauge fields Ai jfl and scalar fields ft with i = 1, . . . , N and 

M = 1,2; namely, $ Q ° = Q := (A^, ft). Since flA^ = 27V and $ft = N, the fields number U a is 3AT. The action 
(|13ip has the U(l) gauge invariance: 

M„,< = B^Xi, (135) 

<W 4 = 0, (136) 

SoX l = (137) 

with Xi represents a scalar function (i — 1, . . . , N). Therefore, the topological string theory has 2N linear- independent 
nontrivial symmetry generators. Here we replace the scalar fields 

chit with ghost fields Cj (BRST transformation). Moreover, we add antifields A* ; since the gauge transformation 
does not connect to ip and the other fields, we does not add ip* (the space of fields and ghost fields has 2N symmetry 
generators, and the space of anti-fields and the anti-ghosts also have 2N symmetry generators corresponding to U(l) 
gauge symmetry; see Figure [3]): 

Rf A =d„6}, (/? = 1, 2,..., AO. (138) 
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FIG. 3. The Hessian matrix: A"[* q (<ti), * /3 (a 2 )] := S9 J {r72) Tne first column and first raw represent the right-hand 

side and the left-hand side of variation functions, respectively. d a j := 8 (a — a\)d a j5(cr — 02) represents a non-trivia Noether 
current (j — 1,2). The Hessian is block diagonal matrix; the ranks of the upper left and the lower right parts are 2 = 3—1. 
Therefore, the total rank of the Hessian is 2 + 2 = 4 (i is fixed) . 



In this case, §K((j) a , (j) 13 ) = 3N — 2N; on the other hand, the action is a function of 37V fields {A^^, vb l ), N ghost fields 
d and 2N anti-fields A*^. Therefore, a rank of the Hessian corresponding to (So)gh is calculated by 

rank^(<F, *)|* o = rankX(0, 0)k + »c t + jjA*^ 
= N + N + 2N 

= AN. (139) 

Since jj$ = AN (antifields will be fixed), the field number of the path-integral of (So)gh i s equal to the rank of the 
Hessian of (So)gh; hence, the path-integral of the action (S'o)gh become well-defined. 
Finally, the gauge invariance action is written by 

(So)gh = S + f A M< (140) 

with Ai :— Afi^da^ and SqA^ = d^Sfcj, where we define using a Hodge operator = *h$q (the 

definition of the Hodge operator is depend on the geometry of the disk S; we will introduce the explicit definition in 
section HV D 2[) . which is also called as the anti- field. 



2. Condition of gauge invariance of classical action 



In this section, we will add interaction terms: S g h := (So)gh + s(Si)gh + • • • j where <? represents an expansion 
parameter, and we will see that Sgh is uniquely fixed except a certain two form a by a gauge invariance condition. 
Note that a satisfies the Jacobi's identity. Therefore, we can identify a with the Poisson bracket. 

First we discuss the gauge invariant condition. If we identify the fields and anti-fields with coordinates q and 
canonical momentum p, i.e., ($ Qi , <!>* .) ■<-> (q ai ,Pai), and we also identify the action S and the Hamiltonian H: 
S o H . In the analytical mechanics, <5 am := {H, } represents a transform along the surface H(q,p) — constant, 
i.e., <5 am holds the Hamiltonian. Similarly, we can define a gauge transformation, which holds the action S, using the 
Poisson bracket in the two-dimension field theory. It is known as the Batalin-Vilkovisky (BV) bracket [111 [27j ; the 
definitions of the bracket are 

{L 9 }bv:= E (S^S~-^kS;) (141) 



=0,1, 



with/, 5 eC(f). 

The BV bracket has the ghost number 1, then a BV-BRST operator Sbv ■— {S, }bv adds one ghost number. The 
BV bracket satisfies the following equations: 

{/, 3}bv - -(-1) W/>+i>O*GO+i){0, /} BV , (142) 

(_l)(gh(/)+i)(ghW+i){ /; { 5j h} BV } BV + cyclic - 0, (143) 

{/, gh} B v = {/, g}Bvh + (-l)(sHf)-i) S H g ) g{f7 h}BV (144) 
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with f, g, he C(tf). 

Using the BV-BRST operator, the gauge invariance of action S is written as 6syS = 0, i.e., 



{S, S} 



BV 



0. 



(145) 



which is called the classical master equation. We use this equation and Eqs. (|142|) and (|143[) : we obtain <5 BV = 0, 
which corresponds to the condition of the BRST operator: <5 BRST = (<5brst is the BRST operator). Therefore, the 
DV-BRST operator is the generalized BRST one. 

Next, we discuss generalization of the topological field theory. Let us write a generalized action 5 g h as 



S s h = (So)gh + 9(Si)eh + 5 2 (S , 2) g h + 



(146) 



where g is an expansion parameter. Using gauge invariance condition (I145[) . {S n ) g h (n — 1,2, •••) is given by a 
solution of the following equation: 



d 



— {5gh,5 g h}BV 



= 0. 



(147) 



9=0 



The general solution is given by [2E 



(Si)gh 



d 2 a 



2 

1 d 2 a ij 



1 BryV / 1 



AiCj 



4 d^dip 



{S n >l)gh — 



(148) 
(149) 



with (A+Y = * n A*^ = da^e^Al^ yj+ = * H ^* = s^da" A da»yj* and (c+Y = * H (c*Y = A dff"(c*)* 



-£vni £i2 = 1), where a 10 is a function of i}>, and satisfies the following equation: 



da ij , da? k 



dip r 



da 



= 0. 



(150) 



Here, if we identify ip l with x l , this equation is the Jacobi identity of Poisson bracket. Therefore, we can identify the 
Poisson bracket with the topological string theory. 



3. Gauge invariance in path integral 

Now we discuss the path integral of the topological string theory J T>^V(^f) with V{^) = Oei s , and an observable 
quantity operator O. Note that this path-integral does not include integrals in terms of the anti-fields. Therefore, 
we must fix the anti-fields; then, we consider that the anti-field <J>* is a function of the field <£, i.e., $* = Vt(<&) and 
Q G C( < 1> = \P) Namely, the path integral is defined by 



X>$U(*) 



(151) 



A choice of is corresponding to the gauge fixing in the gauge theory. The path integral must be independent 
to the gauge choice (gauge invariance). To obtain a gauge invariant condition, we take the variation of the path 
integral in terms of anti- fields, and obtain the following gauge invariant condition [2{|: 

A SD U(*) = 0, (152) 

where we have introduced the Schwinger-Dyson (SD) operator: 

^■■=E(-^'^^r, (153) 

ex I Q ' 
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where (— is defined as follows: if $ Qi represents a boson, (— i) ai = (— l)s h (* ! ); if $ a ' represents a fermion, 
(— i) a ' = (— l)(s h (* cv ')+ 1 ). Equation (|152j) is called the quantum master equation. It is known that the following two 
conditions are equivalence: 

■f 

A SD V(v&)=0^r! = ^, Bp, (154) 

where (p is called the gauge-fixing fermion (an example will be shown later). 

To perform the path integral, we generalize the classical action S g h to a quantum action W — S & \ l _+ihW\ + {ih) 2 W2 + 
■ ■ ■ . The correction terms W n (n = 1, 2, . . .) are calculated from the master equation: 

A SD e* w = 0, (155) 



or 



{S g h, SghjBV = 0, (156) 
{Wr, S gh } B v + iftA SD 5 gh = 0, (157) 

{W 2! 5 gh } B v + iftA SD W r 1 + i{Wi,Wi} B v = 0, (158) 



In the case where AsoSgh = 0, we can put W\ = W2 = • • • = 0. Fortunately, the topological string theory satisfies 
AsD'S'gh = 0. Therefore, we do not have to be concerned about the quantum correction of the action. 
Finally, we consider the gauge fixing. Here we employ the Lorentz gauge: 



d * H Ai = 0, 



(159) 



and we add the integral of the Lorentz gauge to Sgh- However, the path integral should hold gauge invariance, i.e., the 
path integral should be independent of gauge fixing term. Then, the gauge fixing can be written gauge-fixed fermion: 



/ 7 i (d* H ^i) = - / d-f * H Ai, 



(160) 



where we introduced N fields ji (i = 1, 2, . . . , N), and anti-fields "ff are given by 



7» 



d *h A 



(161) 



Now, we employ the Lagrange multiplier method, and introduce N scalar fields A^. The gauge-fixed action is written 
by 

(162) 
(163) 



S g f = S g h - / i l d * H Ai 

= s sh - [ aV- 

The other anti-fields are also fixed by this gauge-fixing fermion: 

^ = c+ = A+ = 0, 
Af = * H d-f\ 

Gauge fixed action 5 g f is written by 



(164) 
(165) 



Serf = 



1 ■■ / da kl 

Ai A dtp 1 + -a l3 A l A A 3 - * H d7 4 A I dc z + -—^-A k ci 



1 d 2 a kl 
■- * H d-f A * R d-y J c k ci - X z d *h A 

4 01p l 01p3 



(166) 
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Here we perform the following variable transformations: 

X 1 := ip* + 9" A* - -9"9 u c+ i i/, (167) 
m ■= ct + e^ + ^e"^, (168) 

where 9»$v = -9v9^ gh(0") = 1. For any scalar field /(it) (u e E), f(u, 9) := /(it) + 6^f^\u) + ^9" f$ is called 
as the super field, where /W and /( 2 ) represent a one-form field and a two-form field, respectively. 
By using the super fields, the gauge fixed action S s [ can be rewritten as 



(169) 



where D := 9^-^^. This is the final result in this section. Hereafter, we write S® f := J E [r/iDX 1 — A l d*n A^ and 

D. Equivalence between deformation quantization and topological string theory 

We return to the discussion about the deformation quantization. Here we see that the equivalence of the deformation 
quantization and the topological string theory, and introduce the perturbation theory of the topological string theory, 
which is equal to Kontsevich's deformation quantization [l7| . 

1. Path integral as map 
Here we summarize correspondence between Path integral with map. 

First we note that the map: a := a(xY^ rj^rj v /2 >-» S a := — J E a(x)^ v r] ll T] v /2 is isomorphic, because 

{S ai , S a2 }bV ,Q2}bv ■ 

SD operator satisfies the conditions of codifferential operator Q in algebra, where the vector space and the 
degree of the space correspond to C(\E') and the ghost number, respectively. 

The path integral J e» S E f gives the deformation quantization J?b + & x ■ The master equation 

Qei s " = (170) 

with Q = AgD is corresponding to the map's condition = 

For a r := a* 1 '* 3 *"" ' %m f]i 1 q (]i 2 • ■ ■ Vim/ 171 * with a positive integer m, & n : V® n ® — > Vi is given by 

& n {ocx,...,a n ){h®---®f m ){x) := J e* s °^S ai ---^S an O(f 1 ,...J m ), (171) 

where S ar is the expansion of S a -, and is defined as 



S Qr := ( / —.a^" i ™{X)r Hl --- m 
Ism) 



(172) 



<S>'=d(p 



and O is chosen to satisfy 

QoJ = ^oQ, (173) 
where & := + + H . We put O as follow: 

0{h,...J m )= f [X(t 1 ,9 1 ))---f m {X(t mi 9 m ))] [m _ 2) 8 x {X(^)) 1 (174) 



l=ii>i 2 >--->t m =0 



/i(^(l)) II d ^ [f(i>(tk))A +i * (t fc )] / m (V(0))4(V-(oo)) (175) 



fe=2 
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where the subscript (m — 2) denotes that (m — 2) forms are picked up from the products of super fields, and B m 
represents the surface of the disk E, i.e., t is the parameter specifying the position on the boundary <9E (1 = t\ > 

t-2> ■ ■■ > t m _l > t m — 0). 

To be exact, the action and fields include gauge fixing terms, ghost fields and anti-field. Finally, the deformation 
quantization is given as follow: 

(f*g)(x) = [ DS/MIM^OJW** - V i (oo))e* s ^. (176) 



2. Perturbation theory 

Now we see that the perturbation theory of the topological string theory. First, we write the action as 5 g f = S^+Sg . 
The first term is defined as 

5 g ° f = / [Ai A (dC + * H rfA l ) + Cl d * H df] , (177) 
where £ l =ip x — x l , and we have expanded around x % . The path integral of an observable quantity (O) is given by 

/OO . n 

* iS * = Y.^\* iS ^YG, (178) 

where f := J D^T>AT>cD r yT>\. This expansion corresponds to the summation of all diagrams by the contractions of 
all pairs in terms of fields and ghost fields. From equation (I177[) . propagators are inverses of 

dQ)*-nd, d* R d. (179) 

Here we assume that the disk is the upper complex plane: E = {z | z = u + iv, v > 0} with i 2 = — 1, and 

the boundary is 9E = {z \ z = u, u £ R}. (R represents the real number space, and z denotes a complex number.) 
The Hodge operator *h is defined by 

*ndu — dv ( *ndz — —idz /'isn 1 \ 

= —du \ *ftdz = idz ' ^ ' 

where z represents the complex conjugate of z. Moreover, 

d d d d 

d z = du- — h dv— = dz— + dz—, (181) 
au ov oz az 

S z (w) := S(w — z)du w A dv w , J S z (w) = 1, (182) 

where w £ C with the complex number plane C, and w = u w + iv w . 

Now, we calculate Green functions of dQ)*-Rd and d*nd, because the Green functions are inverses of these operators: 

D w G(z,w) = m z (w), (183) 

where D w — d w © *nd w or d w *h d w . The solution depends on the boundary condition. In the case that z and w 
satisfy the Neumann boundary condition, a solution is a function of 

u , , 1 (z — w)(z — w) , 

<P h (z,w ^-logiz (^4- 184 

2i (z — w)(z — w) 

On the other hand, z and w satisfy the Dirichlet boundary condition, a solution is a function of 



ip h (z, w) := log 



z — w 



(185) 



The Neumann boundary condition is = d u iG(z 1 w)\ u 2 = q, and the Dirichlet boundary condition is = d u 2G(z, w)\ u i=q 
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The propagators are given by 



h 



(7 k (w) Cj (z)) = —6fy h (z,w), (186) 
(Z k (w)A j (z)) = ^d z( t> h (z,w), (187) 

m 

and so on. From these propagators, we can obtain diagram rules corresponding to the deformation quantization. In 
section TlV El we will introduce exact diagram rules. 
To obtain the star product, we choice 

O x = f(X(l))g(X(0))5 x (ip(oo)) (189) 



((*ndj k )(w) Cj (z)) = —6*5 w ^ h (z,w), (188) 



E. Diagram rules of deformation quantization 



From the perturbation theory of the topological string theory, we can obtain the following diagram rules of the star 
product, which is first given by Kontsevich fl7l l30l|: 



in 



(190) 



where T, Br a (f,g) and wp are defined as follows: 



Definition. 1 G n is a set of the graphs V which have n + 2 vertices and 2n edges. Vertices are labeled by symbols 
"1 ". "2", ... , "n ", "L ", and "R ". Edges are labeled by symbol (k, v), where k = 1,2, ... ,n, v = 1,2, ... ,n,L,R, and 
k =/= v. (k,v) represents the edge which starts at "k" and ends at "v". There are two edges starting from each vertex 
with k = 1,2, ... ,n; L and R are the exception, i.e., they act only as the end points of the edges. Hereafter, Vr and 
Er represent the set of the vertices and the edges, respectively. 



Definition. 2 Br, a (f,g) is the operator defined by. 
Br,M,9) ■= 



I:E r 



E 



n n d ^ 

k=l \eGB r ,e=(fc,*) 



f 




M(k,vl),(k,vl)) 



(191) 



where, I is a map from the list of edges ((k, vj: 2 )), k = 1,2, ... ,n to integer numbers {i\, ii, ■ ■ ■ , i2n}- Here 1 < i n < d; 
d represents a dimension of the manifold M . -Br,a(/, g) corresponds to the graph T in the following way: The vertices 
"1 ", "2", ... , "n ", correspond to the Poisson structure a lJ . R and L correspond to the functions f and g, respectively. 
The edge e = (k, v) represents the differential operator or j) acting on the vertex v. 

The simplest diagram for n = 1 is shown in Fig. |4]^a) 7 which corresponds to the Poisson bracket: {/, g} = 
y^ - t - a 11-12 (d^x f)(d x i 2 g) ■ The higher order terms are the generalizations of this Poisson bracket. 

Figure^b) shows a graph r cx .2 with n = 2 corresponding to the list of edges 



((l,i),(l,i?),(2,i?),(2,3)); 
in addition, the operator -Br cx 2 ,a * s given by 

(f,9)^ E (d^a^a^id^f^d^d^g). 



(192) 
(193) 



Definition. 3 We put the coordinates for the vertices in the upper-half complex plane H + := {z G C | Im(z) > 0} 
(C represents the complex plain; Im(z) denotes the imaginary part of z). Therefore, R and L are put at and 1, 
respectively. We associate a weight wr with each graph T G G n as 



1 



n!(27r) 



2)1 



H, 



n 



(194) 



fc=i 
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(a) 





FIG. 4. (a): The graph r ex .i £ Gi corresponding to Poisson bracket, (b): A graph V £ G2 correspond to the list of edges: 
((1, L), (1, R), (2, R), (2, 1)) ^ {h, i 2 ,is, u}. 



where <j) is defined by 

p and q are the coordinates of the vertexes "k" and "v", respectively, p represents the complex conjugate of p G C. 
T-L n denotes the space of configurations of n numbered pair- wise distinct points on H + : 

Un ■= {(pi, • • • ,p n ) I Pk e Pk ^ Pi for k ^ I}. (196) 

Here we assume that H + has the metric: 

ds 2 = (d(Re(p)) 2 + d(Im(p)) 2 )/(lm(p)) 2 , (197) 

with p G H + ; (j) h (p,q) is the angle which is defined by (p,q) and (00, p), i.e., (j) h (p,q) — Zpqoo with the metric (|197p . 
For example, wr cx 1 corresponding to Fig. Hta) is calculated as: 

^r ox l = TT7l=T? / <4 Lo S (3) A <4 Lo S (£— = h (198) 



where we have included the factor "2" arising from the interchange between two edges in T. wr corresponding to the 
Fig. Q]/. : is 

a-Log I — I A a-Lop 



Ad(2arg( P2 )) A # 2 |^Log ' 



<9|p 2 | 2i \(Pi -P 2 )(Pi -P2) 
1 ' Aog f ^ A d l Log (±Z2)a ^Log f ^ A Aor ' 1 " 2 



2!(2tt) 4 7 W2 i VPi/ * Vi-Pi/ * VP 2 / * V 1 -P 2 

= ~2T 

_ 1 

~ 2' 

where p\ and pi are the coordinates of vertexes "1 " and '2 ", respectively. Here, we have used the following facts 



(199) 



(Pi -pa)(Pi -P 2 )/ A ^°° \(Pi - Ae- iar e(p 2 ))(p 1 _ A e - iar s^)) 

(!_ A.e iar KW)(l- Ae iarg ^)) 

= lim Log 



A^oo V(l _ Ae~ iar s(P 2 ))(l - Ae^ iar s(P2)) 
,/L, [^-) A dLog f ^— A ^ / dLog f A dLog f ^ = 0. (200) 



Pi|>A 



Pi J \1-Pl/ i|pi|>A VPi/ \Pi 



Generally speaking, the integrals are entangled for n > 3 graphs, and the weight of these are not so easy to evaluate 
as Eq. (HMJ). 

Note that the above diagram rules also define the twisted element as the following relation: (f-kg) = fi o F{f ® g). 
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FIG. 5. A four vertexes graph, where the white circle and the white square represent a a and ap, respectively; the dotted 
arrow, waved arrow, and real arrow represent d p , d s , and dx, respectively. 



F. Gauge invariant star product 



From Eq. (I77|) . the Poisson structure corresponding to our model is 





-rf v -qF^ -qt abc s a A b 1 | , (201) 



qe abc s a A fl 

where the symbols i and j represent indexes of the phase space (TX ,cup, s). We separate the Poisson structure as 
follows: 



a := I -rf v I + I -qe^A^s 11 




qe abc s a A b e abc s a 










HI 


qF» v 









o / 



(202) 



Here, for / = /o + f a o~ a , d s af := f a (a = x,y, z), where fo,x,y,z are functions X and p. Because ao is constant and 
a a and ctF are functions of X^ and s, and any function / is written as / = /o + ^2 a=x y z f a s a (fo,a only depends on 
X and p), then we obtain additional diagram rules: 

Al. Two edges starting from connect with both vertices "L" and "i?". 

A2. At least one edge from vertices ao or aj? connect with vertices "L" or "i?". 

A3. A number of the edges entering ua is one or zero. 

We also separate the graph T into r Qo , T aA and r QF . Here, we define the numbers of vertices ao, a^, and a_F 

as Ti a Q , TictA > 

and n aF , respectively. T aF is the graph consisted by vertices corresponding to aj?, and "L" and "i?", 
and edges starting from these vertices. We consider T aF as a cluster, and define T aA as the graph consisted by the 
vertices corresponding to a a, which acts on the cluster corresponding to r QF . r Qo is the rest of the graph T without 
T aA and T ap . Here, we label vertexes T ap , T aA and T ao by "k = 1 — n ap v , "fc = {n ap + 1) — {n ap + n aA )" and 
"fc = {n ap + n aA + 1) — {n ap + n aA +n. ao )", respectively. The edge starting from "fc" and ending to "t^' 2 " represents 
(k,vl' 2 ). 

Next, we calculate weight w na and the operator Br a t a F corresponding to T aF , and later those for T aAor0 . 



Separation of graph T 

We now sketch the proof of u>ri?r,a = w 7lag Br ao , ao ■ Wn c , A Br c , A ,a A ■ w riQ ^Br QF ,Q F , where w Uaa — — r for a = 
0, A, F, and wi is given by Eq. (|T98)) . 

From the additional rule Al, each operator corresponding to vertexes a_F and edges (aF,L or R) acts on / and g 
independently. Thus w ap ~to 1 ° F . Secondly we consider the graph which consists of four vertexes corresponding to 
a a, cuf, and "L"and "i?" as shown in Fig. [5] We also assume that one edge of the vertex corresponding to a a connects 
with a vertex corresponding to ap. In this case, from additional diagram rule A3, another edge of the vertex has to 
connect with "L" or "i?" . Since we can exchange the role "i?" and "i" by the variable transformation j)4 1 — p, 
(p G we assume that one edge of the vertex corresponding to a a connect with "L". The weight wr in this case is 
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FIG. 6. This figure shows the calculation method of the graph (a), where the dotted arrow and real arrow represent the 
derivative with respect to p and X, respectively, and the white circle and the white triangle represent ao and ccf, respectively. 
We rewrite the graph (a) as the graph (c) which is given by the cluster represented by the big circle and the operators into it, 
where the big circle represents the graph (6). 



given by Eq. (|199p . i.e., the integrals for the weight is given by replacing coordinate of the vertex corresponding to <xf 
with coordinate of "if in H + . This result can be expanded to every graph though a graph includes the vertices olq. 
For example, we illustrate the calculation of a six vertices graph, which only includes ao and otp, in Fig. [5] At first 
we make the cluster having only vertices of, / and g (fig- [Sib)), which is corresponding to the following operator: 
1 f^-^ap l2 a'p U (dp ii dp i3 f)(dp i2 dp ii g). The edges from the vertices act on the cluster independently (fig. IHc)); we 

obtain the following operator: a% H (d xil otp ) (d x , 3 af* ) (d xi2 d Pil d Pi3 /) (d XH d Pi% d p ^ g) . 

The position of each vertex corresponding to a a and a_F can be move independently in integrals, and the entangled 
integral does not appear. Therefore the weight w na of a graph r QA ~ w 1 " A only depends on the number of vertexes 
corresponding to a a and cvf, and wp = w n aA ' w n aF holds generally. From additional rule A2, we can similarly discuss 
about a graph r ao , and obtain w naQ ~ . Finally, we can count the combination of n ao , n aA and n aF , and it is given 
by ^{n^+n^yn^ ! ' ' ^T^T" - Therefore we obtain the Eq: w r B r , a = w nag Br ao , ao ■ w, laA Br aA , aA • w naF Br aF , aF - 

The summation of each graph is easy, and we can derive the star product: / ' * g — /i o Fa{J ® g), where twisted 
element Fa is written as follow: 

Fa = exp | y (<9xm ® d Pli - d pfl ® d x ») 

o exp 1 l ^ e ijk s k (A^dp^ <g> d s3 + d s i ® d s3 - d si ® A*, ® d Pfl ) J 

o exp 1 1 (F^s a + F^) d P)t ® 8 Pu | . (203) 

Because the action Ia including a global U(l)xSU(2) gauge field, the action 1a is written as Ia — Fa ° Fq Io, 
thus, the map Fq<-+a '■ io ^ I A is given by J-q^a = Fa ° Fq 1 , i.e., 



F( ^A) = exp | y (<9x> ® <9 Pm - <9 PM (g) t?x«) 



o exp | ye"*** ® 0* + ® - 9 S J <8> Aj, ® 9 P J 

o exp 1 1 (f;^ + f^) d Pii ®d p \o exp j-| £ « fc s fe d si ® d s3 1 

o exp |-y (9 X m ® d Pff - d x „ <g> d Pfi ) \ . (204) 



The inverse map is given by the replacement of i by — i in the map (|204[) . 
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V. TWISTED SPIN 



In this section, we will derive the twisted spin density, which corresponds to the spin density in commutative 
spacetime without the background SU(2) gauge field. 

First, we will derive a general form of the twisted spin current in section l"V A| which is written by using the twisted 
variation operator. This operator is constituted of the coproduct and twisted element; the coproduct reflects the 
action rule of the global SU(2) gauge symmetry generator, and the twisted element represents gauge structure of the 
background gauge fields. 

In section IV Bl at first, we will calculate the twisted spin density of the so-called Rashba-Dresselhaus model in 
the Wigner representation using the general form of the twisted spin density, and next, we will find the twisted spin 
operator in real spacetime using correspondence between operators in commutative spacetime and noncommutative 
phasespace. 



A. Derivation of a twisted spin in Wigner space 



The Lagrangian density in the Wigner space is given by 

,2 



£(X,p)=^ -^)*(^ t ) 



(205) 



where m is the electric mass, / -kg := /j, o J- 'a(J ® g) for any functions / and g. 

The variation corresponding to the infinitesimal global SU(2) gauge transformation is defined as 

5 s aij) = \'5s a i>, (206) 

S sa ^ = -i^V, (207) 

<W = 0, (208) 

where 9 represents an infinitesimal parameter. Therefore, the variation of the Lagrangian density C(X, p) := C-ki/ji/j' 
is given by 

5 s a(C(X, P )) := £*i9s a *^V f - t-kip^ *i6s a (209) 

Here we introduce the Grassmann numbers Ai,2,3 (A3 := A1A2), the product and the coproduct A n , where the 
coproduct satisfies 

A„(/) ~f®r, + ri®f (210) 
for any functions / and operator rj. The equation (|209[) can be rewritten as 



= i / d\ 3 fi o (id ® fj,) o (id ® A) Fa (id ® J- a) 

o(id o 9 1 / 2 ® 9 1 ' 2 ) o (id ® A AlS a) o (C ® (211) 

where we used J dXiXj — 8ij(i,j — 1, 2, 3) with the Kronecker delta <5jj Here we introduce the following symbols: 

fi := /10 (id® fi), (212) 

T A ■= (id® A)J" A o (id® F A ), (213) 

9 := 9 1/2 ® 9 1/2 , (214) 

A XlS a := (id® A AlS o), (215) 



S s a (£) = j dA 3 /i o F A (t ® (iAi6»s Q * X 2 ^ + X 2 ^ ★ iAi6»s Q )) 
= J d\ 3 fi o F A (t ® A* FA& iXl es^ 

dX 3 fi o .Fa (id ® fi) o (id ® Fa) ° (id ® Ai Al e s ») o (£ ® X 2 ipil)^) 
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where the coproduct in the differential operator space is defined as 



A(<2„) := <k®dj. 



(216) 



i+j=n 
i>0, j>0 



Here vectors {do, d\, . . . } corresponding to following operators: do := id and d n := (l/n!)(9 n /dp n ), or do := id and 
d n := (l/n!)(9™ / dx n ) (n = 1,2, ... ), and di are bases of a vector space B(k) := (B^ ^di (k represents a scalar). The 
coproduct A in the vector space B(k) satisfies the coassociation law: (A ® id) ® A = (id <g> A) o A because 



(A ® id) o A(d„) = Y A(di)®dj 



i-\-j—n 
*>0, j>0 



E 

i+j=n 



2J d k ® di® dj 

k+l=i 



i>0, j>0 \fc>0, i>0 

^ dfe ®di® dj 



(217) 



fe>o, ;>o, i>o 



and 



(id ® A) o A(d n ) = ^ <g> A(dj) 

i+j— n 
i>0, j>0 

^ di <E> d k <E> di. 



(218) 



i>0, fc>0, Z>0 



It represents the Leibniz rule with respect to the differential operator d^. For instance, (id <S> A)(9 M ® d v ) := 
9 M ® A(d v ) = dfj, (8 9 V ® id + (? M (8 id ® 9,/; it corresponds to the following calculation: 



■ ■ ft) = ■ d v g-h + d M f ■ g ■ d v h. 

The variation (|21ip is rewritten as 

S s a£(X,p) = i / d\ 3 fl o P A od o Ax lS a o (£ ® A 2 V'^ t )- 



(219) 



(220) 



If we replace A^ iS „ := T A A\ lS aTo with A\ is a in equation (|220p . the integrals in terms of x and p of the 

right-hand side of Eq. (|220p become zero because J- a A^ 1S „ does not include the SU(2) field, which breaks 
the global SU(2) gauge symmetry, in the case that the parameter 8 is constant. Therefore, for the action S := 
Jd Dim Xd I)inl pC(X,p)/(2Trh) Dinl , 



SLS:=ix // / d\ 3 d Uim X 



d Uim p 



fiof A oeok t Xisa (L®\ 2 ip^) 



(221) 



is the infinitesimal SU(2) gauge transformation with background SU(2) gauge fields. 
Because <5* a 5 = 0, we can write 



5l a S= I d Dim X9 . (222) 

In the case that the infinitesimal parameter depends on the spacetime coordinate, this equation can be written as 

SUS= f d Di ™X9(X)(d»3l) 

d mm X (^-) jl(X'). (223) 
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Therefore, we obtain the twisted Noether current 



8 t aS 

# = ~<wW (224) 



In particular, the twisted spin 



Si = J Mii 



iX wk < 225 > 

is conserved quantity. Here, we assumed that the SU(2) gauge is static one. However, we do not use this condition in 
the derivation of the twisted Noether charge and current density. Then, we can derive the virtual twisted spin with a 
time-dependent SU(2) gauge: S l a . In this case, we only use the time-dependent SU(2) gauge field strength F" , which 
has non-zero space-time components (i = 1,2,..., Dim — 1). 

Here, we discuss the adiabaticity of the twisted spin. In the case that SU(2) gauge fields have time dependence, the 
twisted spin is not conserved. Now, we assume that A a ^ — A(i)C° (a — x, y, z) with constant fields C° = (0, C a ); X(t) 

( AC 

is an adequate slowly function dependent on time. Because S l a includes F~J ' 



^ (i+(A)»co) \-\c \- 2 [Ci,Cj]- 
with A = dX/dt, the difference between S** and S 1 * comes from only that between inverse of field strength: AF~ X ~ 
-^-^X-^C^Cj]- 1 - X- 2 [C ll C j ]- 1 ~ {X/X) 2 [C l ,C j \- 1 . Therefore we obtain 

^ = 0{X 2 ). (226) 

This means that S 1 * is the adiabatic invariance. Namely, for the infinitely slow change in X(t) during the time period 
T(—> oo), remains constant while AA = A(T) — A(0) is finite. This fact is essential for the spin-orbit echo proposed 
in [Til. 



B. Rashba-Dresselhaus model 

Here we apply the formalism developed so far to an explicit model, i.e., the so-called Rashba-Dresselhaus model 
given by 

p 2 

H = h a(p x a y - p v <T x ) + j3(p x a x - p y (J y ) + V(x) (227) 

with a potential V(x), where a and /3 are the Rashba and Dresselhaus parameters, respectively. Completing square 
in terms of p, we obtain A% = -2mP/(Hq), A% = -2ma/(hq), A x y = 2ma/(hq), A\ = 2mf3/(hq), A Q = m(a 2 +/3 2 )/e, 
and A z xy = Afy = A% = A*' v ' z = A x , y , z = 0, where q = \e\/(mc 2 ). 

To calculate the twisted symmetry generator A'(A2S a ), we first consider the J-q. (id® A)J-o is given by 

(id <8> A) Jo = exp | ^ (dxf <&l®d Pli + dx^ ®d p ^®l — d Plx ®l® dx^ - d P)i ® dx^ <8> 

+ y zjk (s fe 9 Sl <8 1 <8> d Sj + s k d Sz <8 fl a , <8> l) } , (228) 
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and To is given by 

Jo = cxp | ^ ® 1 ® d Pii + d x » <S> <9 P;U ® 1 - <8> 1 ® - ® <9jo <g> 1 
+ ^£ ijk (skd Si ®l®d S] + s k d Si <g> <9 Sj <g> l) | 
oexp |y ^1 ® 9xm ® 9 Pfj - 1 ® 9 Pm ® <9 X ^ 

= exp | y (l ® <9xm ® 9 Pm + d X v <E)l<E>d Pti + d x » <S> d Pii <g> 1 
-1 ® <9 Pm ® 9xm - <9 Pm ® 1 <g> c^o - 9 Pm ® c^o <g> 

+ l e i J fc ^ Sfc( 9 Ss ^ # s . + Sk d H ® i ® 9 S . + Sfe a Si <g> a Sj <g> 1^ 

= So- (229) 
Similarly, J"a is given by 



Ta = exp 



2" 



■ (l <8> (X 1 <9 P(J + 9xm <g> 1 <g> (9p M + <S> <8> 1 
-1 ® d P(( 9 X m - <9 Pm (g) 1 ® <9xm - <9 P(J (8) 9xm ® l) } 
o exp I ^e ufc (l <g) s fc <9 Si <g> 9 Sj + s k d Si ® 1 ® d Sj . + s fe <9 Si ® d Sj ® 1 

+1 ® ® 9 sJ + s fe A;9p M ® 1 ® d s3 + s k A^ ® 9 s3 ® 1 

-1 ® 9 sj ® s fe A^p M - 9 sJ ® 1 ® s fe ^d Pf< - 9 s3 ® s fc 4a PM ® l) } 

o exp I ^ <g> F^d p ^ <g> <9 Pi/ + ^„<9 P(J <g> 1 <g> <9 Pi , + ^„<9 P „ <g> <9 Pi/ ® 1 
^^po^o^. (230) 

^4 

We note that the operators Go and Gxpsppp have each inverse operator, which are denoted by Go and Gxpspppi 
respectively. Here, the overline — represents the complex conjugate. 

Because the twisted variation is fi o Ta 9 o T^ 1 o Aj lS « o To{C ® \2ip^), the infinitesimal parameter 9 becomes 
an operator Ta 9 T~^~ ■ It is calculated by using the operator formula 

00 1 

e B C e - B = ^-[ J B,[B,---[ J B,C]---]] (231) 

n=0 



for any operators B and C. In the calculation, one will use the following formula in midstream: 

Sew-jf^ <232) 

and so on, for any operator D. 

From these results of the calculations, we obtain the twisted spin as follow 

s* = n o T A o (s a ® id) o f o (id ®G)of, (234) 
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where T is defined as 



T := - 
2 



' ih(d x -dy) \ 



(235) 



where a± :— a x ± a y . 

Finally, we will rewrite the twisted spin as an operator form in commutative spacetime. Roughly speaking, the 
operator in the commutative spacetime. and the one in the noncommutative Wigner space have the following rela- 
tions (the left-hand side represents operators on the Wigner space; the right-hand side represents operators on the 
commutative spacetime): 



s a *^s a , 
ihd Pft -k x M , 



(236) 
(237) 
(238) 
(239) 
(240) 



because [X^ 7 p„]^ := X^-kp v ~ p u -kX^ — iHS% is equal to the commutation of the operator form: [x^,p„] = iHS%. The 
equivalence of s l a and the twisted spin in the operator form on the commutative spacetime s l a can be confirmed using 
the Wigner transformation in terms of s* . 

The operator form of the twisted spin is given by 



4 = ^tVtv, 



(241) 



where 



T= Km 



|m(a+/3)er_:E-| 



2 



e -±m(a-/3)cr + x'_ 2 2 , ~ r 



+e 



\8V2m(a + (3) 



(242) 



with x± := x ± y. 

This operator in Eq. (|241[) . when integrated over X, is the conserved quantity for any potential configuration V(x) 
as long as a, /3 are static and the electron-electron interaction is neglected. 



VI. CONCLUSIONS 



In this paper, we have derived the conservation of the twisted spin and spin current densities. Also the adiabatic 
invariant nature of the total twisted spin integrated over the space is shown. Here we remark about the limit of 
validity of this conservation law. First, we neglected the dynamics of the electromagnetic field which leads to 
the electron-electron interaction. This leads to the inelastic electron scattering, which is not included in the present 
analysis, and most likely gives rise to the spin relaxation. This inelastic scattering causes the energy relaxation and 
hence the memory of the spin will be totally lost after the inelastic lifetime. This situation is analogous to the two 
relaxation times T\ and T2 in spin echo in NMR and ESR. Namely, the phase relaxation time T2 is usually much 
shorter than the energy relaxation time T\ , and the spin echo is possible for T <T\. Similar story applies to spin-orbit 
echo fill ] where the recovery of the spin moment is possible only within the inelastic lifetime of the spins. However, the 
generalization of the present study to the dynamical is a difficult but important issue left for future investigations. 
Also the effect of the higher order terms in l/(mc 2 ) in the derivation of the effective Lagrangian from Dirac theory 
requires to be scrutinized. 

Another direction is to explore the twisted conserved quantities in the non-equilibrium states. Under the static 
electric field, the system is usually in the current flowing steady state. Usually this situation is described by the 
linear response theory, but the far from equilibrium states can in principle be described by the non-commutative 
geometry [l6l . [30| . The nonperturbative effects in this non-equilibrium states are the challenge for theories, and 
deserve the further investigations. 



36 



The author thanks Y.S. Wu, F.C. Zhang, K. Richter, V. Krueckl, J. Nitta, and S. Onoda for useful discussions. This 
work was supported by Priority Area Grants, Grant-in- Aids under the Grant number 21244054, Strategic International 
Cooperative Program (Joint Research Type) from Japan Science and Technology Agency, and by Funding Program 
for World-Leading Innovative R and D on Science and Technology (FIRST Program). 



[1] M. E. Peshkin and D. V. Schroeder. Introduction to Quantum Field Theory. Addison- Wesley, New York (1995). 
[2] J. Frohlich and U. M. Studer. Gauge invariance and current algebra in nonrelativistic many-body theory. Rev. Mod. Phys., 
65, 733-802 (1993). 

[3] G. Volovik. The Universe in a Helium Droplet. Oxford University Press, Oxford, U.K. (2003). 

[4] B. Leurs, Z. Nazario, D. Santiago and J. Zaanen. Non-Abelian hydrodynamics and the flow of spin in spinorbit coupled 
substances. Annals of Physics, 323(4), 907 - 945 (2008). 

[5] N. Seiberg and E. Witten. String theory and noncommutative geometry. Journal of High Energy Physics, 09, 032 (1999). 

[6] M. Chaichian, P. Kulish, K. Nishijima and A. Tureanu. On a Lorentz-invariant interpretation of noncommutative space- 
time and its implications on noncommutative QFT. Physics Letters B, 604(1-2), 98-102 (2004). 

[7] M. Chaichian, P. Presnajder and A. Tureanu. New Concept of Relativistic Invariance in Noncommutative Space-Time: 
Twisted Poincare Symmetry and Its Implications. Phys. Rev. Lett., 94, 151602 (2005). 

[8] G. Amelino-Camelia, G. Gubitosi, A. Marciano, P. Martinetti, F. Mercati, D. Pranzetti and R. A. Tacchi. First Results 
of the Noether Theorem 

for Hopf-Algebra Spacetime Symmetries. Progress of Theoretical Physics Supplement, 171, 65-78 (2007). 
[9] G. Amelino-Camelia, G. Gubitosi, A. Marciano, P. Martinetti and F. Mercati. A no-pure-boost uncertainty principle from 

spacetime noncommutativity. Physics Letters B, 671(2), 298-302 (2009). 
[10] S. Maekawa. Concepts in Spin Electronics. OXFORD SCIENCE PUBLICATIONS (2006). 
[11] N. Sugimoto and N. Nagaosa. Spin-orbit echo. To apper in Science. 

[12] E. L. Hill. Hamilton's Principle and the Conservation Theorems of Mathematical Physics. Rev. Mod. Phys., 23, 253-260 
(1951). 

[13] C. Gonera, P. Kosiriski, P. Maslanka and S. Giller. Space-time symmetry of noncommutative field theory. Physics Letters 

B, 622(1-2), 192-197 (2005). 
[14] E. Wigner. On the Quantum Correction For Thermodynamic Equilibrium. Phys. Rev., 40, 749-759 (1932). 
[15] J. E. Moyal. Mathematical Proceedings of the Cambridge Philosophical Society. Proc. Cambridge Phil. Soc, 45, 99-124 

(1949). 

[16] S. Onoda, N. Sugimoto and N. Nagaosa. Theory of Non-Equilibirum States 

Driven by Constant Electromagnetic Fields. Progress of Theoretical Physics, 116(1), 61-86 (2006). 

[17] M. Kontsevich. Deformation Quantization of Poisson Manifolds. Letters in Mathematical Physics, 66, 157-216 (2003). 

[18] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer. Deformation theory and quantization. I. Deforma- 
tions of symplectic structures. Annals of Physics, 111(1), 61 - 110 (1978). 

[19] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer. Deformation theory and quantization. II. Physical 
applications. Annals of Physics, 111(1), 111 - 151 (1978). 

[20] G. Hochschild. On the Cohomology Groups of an Associative Algebra. The Annals of Mathematics, 46(1), pp. 58-67 
(1945). 

[21] D. Happel. Hochschild cohomology of finitedimensional algebras. In M.-P. Malliavin, editor, Seminaire d'Algebre Paul 
Dubreil et Marie-Paul Malliavin, vol. 1404 of Lecture Notes in Mathematics, pages 108-126. Springer Berlin / Heidelberg. 
ISBN 978-3-540-51812-9 (1989). 

[22] M. Gerstenhaber. The Cohomology Structure of an Associative Ring. The Annals of Mathematics, 78(2), 267-288 (1963). 

[23] E. Cartan. Sur la structure des groupes infinis de transformation. Annales Scientifiques de l'Ecole Normale Superieure, 
22, 219-308 (0012-9593). 

[24] A. S. Cattaneo and G. Felder. A Path Integral Approach to the Kontsevich Quantization Formula. Communications in 

Mathematical Physics, 212, 591-611 (2000). 
[25] N. Ikeda and I. Ken-iti. Dimensional reduction of nonlinear gauge theories. Journal of High Energy Physics, 09, 030 

(2004). 

[26] I. A. Batalin and G. A. Vilkovisky. Gauge algebra and quantization. Physics Letters B, 102(1), 27-31 (1981). 
[27] I. A. Batalin and G. A. Vilkovisky. Quantization of gauge theories with linearly dependent generators. Phys. Rev. D, 28, 
2567-2582 (1983). 

[28] J. Alfaro and P. Damgaard. Origin of antifields in the Batalin- Vilkovisky lagrangian formalism. Nuclear Physics B, 404(3), 
751-793 (1993). 

[29] I. Batalin and G. Vilkovisky. Relativistic S-matrix of dynamical systems with boson and fermion constraints. Physics 

Letters B, 69(3), 309-312 (1977). 
[30] N. Sugimoto, S. Onoda and N. Nagaosa. Gauge Covariant Formulation of the Wigner Representation through Deformation 

Quantization. Progress of Theoretical Physics, 117(3), 415-429 (2007). 



